HOMOTOPY ALGEBRAS AND NONCOMMUTATIVE GEOMETRY 



ALASTAIR HAMILTON AND ANDREY LAZAREV 



Abstract. We study cohomology theories of strongly homotopy algebras, namely A x , Coo and 
Loo-algebras and establish the Hodge decomposition of Hochschild and cyclic cohomology of 
Coo-algebras thus generalising previous work by Loday and Gerstenhaber-Schack. These results 
are then used to show that a Coo-algebra with an invariant inner product on its cohomology 
can be uniquely extended to a symplectic Coo-algebra (an oo-generalisation of a commutative 
Frobenius algebra introduced by Kontsevich). As another application, we show that the 'string 
topology' operations (the loop product, the loop bracket and the string bracket) are homotopy 
invariant and can be defined on the homology or equivariant homology of an arbitrary Poincare 
duality space. 
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1. Introduction 

An ^oo-algebra is a generalisation of an associative algebra introduced in (3^1 for the purposes 
of studying iZ-spaces. It was originally defined via a system of higher multiplication maps 
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satisfying a series of complicated relations. One can similarly define Cx> and Loo-algebras as 
oo-generalisations of commutative and Lie algebras respectively. 

More recently, and ^oo-algebras have found applications in mathematical physics, partic- 
ularly in string field theory and the theory of topological S-models, cf. |53j and PQ. In addition, 
oo-algebras with an invariant inner product were introduced in |31| and jHU] and were shown 
to have a close relation with graph homology and therefore to the intersection theory on the 
moduli spaces of complex curves and invariants of differentiable manifolds. A short, informal 
introduction to graph homology is contained in [52], a more substantial account is in [7j. 

In this paper we give a detailed analysis of the cohomology theories associated to Av^L^ 
and Coo-algebras. It is likely that much of our work could be extended to algebras over a Koszul 
quadratic operad, however we see no advantage in working in this more general context since 
our most interesting applications are concerned with Coo-algebras and do not generalise to other 
operads. 

One of the important ideas that we wish to advocate is working with a geometric definition of 
an oo-algebra, see Definition 14.11 as a formal supermanifold together with a homological vector 
field. This idea is not new, cf. for example or [SHI, however we feel that it has not been 
used to its full potential. Apart from the obvious advantage of being concise, this definition 
allows one to engage the apparatus of noncommutative differential geometry which could be 
quite beneficial as we hope to demonstrate. 

This paper contains two main sets of results. The first one is concerned with the Hodge 
decomposition of the Hochschild and cyclic Hochschild cohomology of a Coo-algebra and gener- 
alises the work of previous authors; cf. [HI], JH] and [HE]- Our geometric approach allowed us to 
considerably simplify the combinatorics present in the cited sources while working in the more 
general context of Coo-algebras. We actually get something new even for the usual (strictly 
commutative) algebras, namely the Hodge decomposition of the Hochschild, cyclic Hochschild 
and bar cohomology in the nonunital case. 

The second set of results concerns oo-algebras with an invariant inner product or symplectic 
oo-algebras. (It should be noted that some authors use the term 'cyclic oo-algebra', cf. [33], for 
example. We feel that the term 'symplectic oo-algebra' is most appropriate since the structure 
in question is simply a homological vector field preserving a given symplectic form.) Our main 
theorem here states that a unital Coo-algebra with the structure of a Frobenius algebra on 
its cohomology is weakly equivalent to a symplectic Coo-algebra which is uniquely determined 
up to homotopy. One of the consequences of that is that the cochain algebra of a rational 
Poincare duality space is weakly equivalent to a symplectic Coo-algebra. We then use this fact 
to define 'string topology' operations on the homology and equivariant homology of such spaces. 
Another consequence is that the graph homology class associated to a symplectic Coo-algebra 
only depends on the (homotopy class of) the underlying Coo-algebra together with the invariant 
inner product on its cohomology. 

It would be interesting to find a physical explanation of the above results. It seems that 
the BRST/Batalin-Vilkovisky formalism (cf. [H]) in quantum field theory is especially relevant 
in this connection. See also [23, [1H], [12] and [IH] for an overview of this method and its 
applications. 

To prove the main theorem we develop an obstruction theory for lifting the symplectic C n - 
structures and C n -morphisms which is of independent interest. The proof is constructed by 
combining the obstruction theory with the Hodge decomposition for cyclic cohomology. 

The paper is organised as follows. Sections [2] and [H] introduce the basics of formal noncom- 
mutative geometry in the commutative, associative and Lie worlds. This is largely a detailed 
exposition of a part of Kontsevich's paper [HJ- The language of topological modules and topo- 
logical algebras is used here and throughout the paper and we collected the necessary facts 
in Appendix EI Section 0] deals with the definitions and basic properties of oo-algebras, em- 
phasising the geometrical viewpoint. Here we consider Z-graded oo-algebras; however all the 
results carry over with obvious modifications to the Z/2-graded framework used in the cited 
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work of Kontsevich. In section |S] we prove the analogue of Kadeishvili's minimality theorem for 
Coo-algebras. 

In section|HlChevalley-Eilenberg, Hochschild and Harrison cohomology theories for oo-algebras 
are defined along with their cyclic counterparts and sectional is devoted to the obstruction the- 
ory for lifting the C n -structures and C n -morphisms. The Hodge decomposition for Coo-algebras 
is established in sections and [SJ these two sections are the technical heart of the paper. 

Section El discusses formal noncommutative symplectic geometry; again main ideas here are 
due to Kontsevich, jHJ; also in this section the notion of a symplectic oo-algebra is introduced. 
In section ^2 we list some examples of symplectic oo-algebras, particularly the Moore algebras 
which were introduced under this name in [3S] and further studied in A version of these 
Aoo-algebras leads to the Mumford-Morita-Miller classes in the cohomology spaces of complex 
algebraic curves, cf. [35 an d [23! • Section El deals with the obstruction theory in the symplectic 
context. In section El we prove the theorem mentioned above on the relationship between 
symplectic and nonsymplectic Coo-algebras. Finally, section El discusses applications to string 
topology. 

Acknowledgement. We are grateful to Jim Stasheff for many useful discussions and comments. 

1.1. Notation and conventions. Throughout the paper our ground ring K will be an evenly 
graded commutative ring containing the field Q. For most applications it will be enough to 
assume that K is a field or the rational numbers, however, our approach is designed to accom- 
modate deformation theory (which is not considered in the present paper) and to do this we 
need to allow ground rings which are not necessarily fields. IK- algebras and EC-modules will 
simply be called algebras and modules. We will assume that all of our K-modules are obtained 
from k- vector spaces by extension of scalars where k = Q or any other subfield of !€. All of our 
tensors will be taken over the ground ring K unless stated otherwise. 
Given a graded module V we define the tensor algebra TV by 

tv := k e v e v® 2 e . . . e v® n e . . . . 

We define the symmetric algebra SV as the quotient of TV by the relation x®y = (— l)\ x ^ y \y®x. 
Finally we define the free Lie algebra LV as the Lie subalgebra of the commutator algebra TV 
which consists of linear combinations of Lie monomials. 

We will use ~ to denote completion. Given a profinite graded module V we can define the 
completed versions of SV, TV and LV. For instance the completed tensor algebra would be 

oo 

TV := V® { 
i=0 

where ® denotes the completed tensor product. The completed symmetric algebra SV is then 
the quotient of TV by the usual relations and LV is the Lie subalgebra of TV consisting of 
all convergent (possibly uncountably) infinite linear combinations of Lie monomials. Further 
details on formal objects and constructions can be found in AppendixEJ We will assume that all 
the formal commutative and associative IK-algebras considered in the main text are augmented. 

Given a formal graded commutative, associative or Lie algebra X, the Lie algebra consisting 
of all continuous derivations 

f : X -» X 

is denoted by Der(X). In order to emphasise our use of geometrical ideas in this paper we will 
use the term 'vector field' synonymously with 'continuous derivation'. The group consisting of 
all invertible continuous (commutative, associative or Lie) algebra homomorphisms 

<p : X -» X 

will be denoted by Aut(X). Again, in order to emphasise the geometrical approach we will 
call an 'invertible continuous homomorphism' of formal graded commutative, associative or Lie 
algebras a 'diffeomorphism'. 
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On many occasions we will want to deal with commutative, associative and Lie algebras 
simultaneously. When we do so we will often abuse the terminology; for instance calling a 
bimodule a 'module' or calling a Lie algebra an 'algebra'. 

Given a formal graded associative algebra X, the module of commutators [X, X] is defined 
as the module consisting of all convergent (possibly uncountably) infinite linear combinations 
of elements of the form, 

[x,y]:=x-y-(-l) lxM yx; x,y e X 

We will often denote the module of commutators by [— ,— ] when the context makes it clear 
what X is. 

Given a profinite graded module V we can place a grading on TV which is different from 
the grading which is naturally inherited from V. We say an element x G TV has homogeneous 
order n if x £ V® n . This also defines a grading by order on SV and LV since they are quotients 
and submodules respectively of TV. 

We say a continuous endomorphism (linear map) / : TV — > TV has homogeneous order n if 
it takes any element of order i to an element of order i + n — 1. Any vector field £ 6 Der(TV) 
could be written in the form 

(i.i) £ = 6> + £i + 6 + ■■■ + & + ■••, 

where £j is a vector field of order i. We say that £ vanishes at zero if £o = 0. 
Likewise any diffeomorphism <fi G Aut(TV) could be written in the form 

4> = 4>1 + <t>2 + <t>3 + • • • + 4>n + ■ ■ ■ , 

where 4>i is an endomorphism of order i. We call cj> a pointed diffeomorphism if (f>\ = id. 
Similarly, we could make the same definitions and observations if we were to replace TV with 
SV or LV in the above. 

We will denote the symmetric group on n letters by S n and the cyclic group of order n by 
Z n . Given a module M over a group G the module of coinvariants will be denoted by Mq and 
the module of invariants by M G . 

Given a graded profinite module V, its completed tensor power V® n has a continuous action 
of the cyclic group Z n on it which is the restriction of the canonical action of S n to the subgroup 
Z n = ((nn — 1 ... 2 1)) C S n . If we define the algebra A as 

oo 

A := n Z[Z n ] 

n=l 

then the action of each Z n on V® n for n > 1 gives Il^=i ^ <X>n * ne structure of a left A-module. 

Let z n denote the generator of Z n corresponding to the cycle (nn — 1 . . . 2 1). We define z G A 
by the formula, 

oo 

z := ^2z n . 

n=l 

Let the norm operator N n <G Z[Z n ] be the element given by the formula, 

N n := l + z n + zl + ... + z™- 1 . 
We define iV £ A by the formula, 

oo 

N:=Y,N n . 

n=l 

The operators z and will be used regularly throughout the paper. 

Our convention will be to always work with cohomologically graded objects and we conse- 
quently define the suspension of a graded module V as where EV* := V l+1 . We define the 
desuspension of V as Y,~ l V where T 1 ~ 1 V t := V 1 ^ 1 . The term 'differential graded algebra' will 
be abbreviated as 'DGA'. 
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Given a graded module V, we denote the graded K-linear dual 



Rom K (V,K) 

by V* . If V is free with basis {v a , a £ I}, then we denote the dual basis of V* by 

{v* a ,a G I}. 

For the sake of clarity, when we write T,V* we mean the graded module Homj^SV 7 , K). 

2. Formal Noncommutative Geometry 

In this section we will collect the definitions and fundamental facts about formal commutative 
and noncommutative geometry. Although much of this work can be done in the generality of 
working with an algebra over an operad, our applications will be concerned with the three 
particular theories of (non)commutative geometry corresponding to commutative, associative 
and Lie algebras and we will describe each theory in its own detail. 

The starting point is to define the (non)commutative 1-forms in each of the three settings. 
From this we can construct a differential envelope of our commutative, associative or Lie alge- 
bra. We can then construct the de Rham complex from the differential envelope and introduce 
the contraction and Lie operators. We conclude the section with some basic facts from non- 
commutative geometry. The theory we consider here will be the formal version of the theory 
as described by Kontsevich in [HO]- The reader can refer to Appendix EI for a discussion of the 
formal objects and constructions that we use. 

Definition 2.1. 

(a) Let A be a formal graded commutative algebra. Consider the module A®(AfK) and 
write x®y as x®dy. The module of commutative 1-forms &Q om (A) * s defined as the 
quotient of A(8>(A/K) by the relations 

x<S>d(yz) = (— l)\ z ^ y \ + \ x ^ zx<g>dy + xy®dz. 
This is a formal left vl-module via the action 

a • x(&dy := ax0dy. 

(b) Let A be a formal graded associative algebra. The module of noncommutative 1-forms 
f2^ ss (A) is defined as 

n\ ss (A) := A®(A/K). 
Let us write x<g>y as x<g>dy. £l\ ss (A) has the structure of a formal j4-bimodule via the 
actions 

a ■ x(bdy := ax®dy, 

x(bdy ■ a := x®d{ya) — xy®da. 

(c) Let g be a formal graded Lie algebra. Consider the module U{g)®g and write x®y = 
x(&dy. Then the module of Lie 1-forms ^Lie(^) ^ s defined as the quotient of U{g)®g by 
the relations 

x®d[y,z] = xy®dz — (— l)^ z ^xz(E)dy. 
This is a formal left (7-module via the action 

x ■ (y<§)dz) := xy<g>dz. 

Remark 2.2. When formulating theorems and proofs it will often be our policy to discuss 
these three theories simultaneously where this is practical. When we do this we will omit 
the subscripts Com, Ass and Lie. It should be understood that the reader should choose the 
appropriate subscript /construction depending on whether they wish to work with commutative, 
associative or Lie algebras. 
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Let X be either a formal graded commutative, associative or Lie algebra. The following 
proposition shows that the module of 1-forms Q 1 (X) could be introduced as the unique X- 
module representing the functor Der°(X, — ) which sends a formal graded X-module M to the 
module consisting of all continuous derivations £ : X — > M of degree zero. This proposition is 
the formal analogue of Lemma 5.5 of |18j : 

Proposition 2.3. Let X be either a formal graded commutative, associative or Lie algebra, 
then the map d : X — » is a derivation of degree zero. Given any formal graded X -module 

M there is an isomorphism which is natural in both variables: 

Der°(X,M) - Horn j_ modu]e (Q 1 (J) , M) , 
d \— > [dx i— > dx]. 

□ 

This proposition could be summarised by the following diagram: 

x — ^n^x) 

,. ' 3l <t> 

M 

Remark 2.4. Note that if X is an associative algebra then the word 'X-module' should be 
replaced with the word 'X-bimodule'. 

Now we want to extend the 1-forms f2 (X) to the module of forms 0*(X) by forming a 
differential envelope of X. 

Definition 2.5. 

(a) Let A be a formal graded commutative algebra. The module of commutative forms 
O* om (i) is defined as 

oo 

W Com (A) := SAp-WcanW) =AX nCE-^Cam W • • • ^^CoraiA))^. 

A A 

i=l v w / 

j factors 

Since £lQ om (A) is a module over the commutative algebra A, Qg om (A) has the structure 
of a formal graded commutative algebra whose multiplication is the standard multiplica- 
tion on the completed symmetric algebra SA($] -1 f^ om (^4)). The map d : A —> Oj, om (A) 
lifts uniquely to give ^* om (^4) the structure of a formal DGA. 

(b) Let A be a formal graded associative algebra. The module of noncommutative forms 
^Ass(^) * s defined as 

oo 

n' Ass (A) ■= fA^-'ni^A)) = AxT] sr^U^)® . . . fa-W^A) . 



i factors 

Since Ass (A) is an A-bimodule, r2 Ass (^4) has the structure of a formal associative algebra 
whose multiplication is the standard associative multiplication on the tensor algebra 
TA(£ _1 f2\ ss (A)). The map d : A -» ^ Ass (A) lifts uniquely to give ^ Ass (A) tne structure 
of a formal DGA. 

(c) Let g be a formal graded Lie algebra. The module of Lie forms . Jg) is defined as 

where the action of g on LCE^Q^- (g)) is the restriction of the standard action of g on 
T^X -1 ^!^)) to the Lie subalgebra of Lie monomials. The map d : g — > (g) lifts 
uniquely to give f2* ie (g) the structure of a formal DGLA. 
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Remark 2.6. Since is a formal X-module, £ 1 Q 1 (X) is a formal X-module via the action 

x-Y>- l y := (-ljWs-^s-y) , x £ X,y E ^(X). 

The additional signs appear because of the Koszul sign rule. This results in the map d : 
Q 9 (X) —* Q 9 (X) being a graded derivation of degree one. 

Remark 2.7. The module of forms Q 9 (X) inherits a grading from the graded modules X and 
Q 1 (X). In fact it has a bigrading. An element x £ X has bidegree (0, \x\) and an element 
x®dy € has bidegree (1, \x\ + \y\). This implicitly defines a bigrading on the whole of 

D, 9 (X). The map d : 0*(X) — > has bidegree (1,0) in this bigrading. The natural grading 

on 0*(X) inherited from the graded modules X and 1 (X) coincides with the total grading of 
this bigrading. 

The following proposition says that 0*(X) could be uniquely defined as the differential en- 
velope of X. This proposition is proved in the operadic and nonformal context in Proposition 
5.6 of HE]. 

Proposition 2.8. Let X be either a formal graded commutative, associative or Lie algebra and 
let M be either a formal differential graded commutative, associative or Lie algebra respectively. 
There is a natural adjunction isomorphism: 

Hom A i g (X,M) * Hom DGA (fr(X),M). 

The adjunction isomorphism is given by the following diagram: 

^ n 9 (x) 




3lip 



M 

□ 

Remark 2.9. It follows from Proposition 12.81 that O* is functorial. Suppose that both X and 
Y are either formal graded commutative, associative or Lie algebras. By Proposition 12.81 any 
continuous algebra homomorphism : X — > Y lifts uniquely to a continuous differential graded 
algebra homomorphism <p* : 0*(X) — > £l 9 (Y). 

Next we want to introduce contraction and Lie operators onto the module of forms d 9 (X). 

Definition 2.10. Let X be either a formal graded commutative, associative or Lie algebra and 
let £ : X — > X be a vector field: 

(i) We can define a vector field L^ : Q 9 (X) — > £l 9 (X) of bidegree (0, |£|), called the Lie 
derivative, by the formula; 

L^x) := f(x), xeX; 
L^dx) := (-lpd(£{x)), xeX. 

(ii) We can define a vector field : 0, 9 (X) — > f2*(X) of bidegree (—1, |£|), called the 
contraction operator, by the formula; 

i$(x) := 0, x E X; 

i^(dx) := £(x), x € X. 

These operators satisfy certain important identities which are summarised by the following 
lemma. 

Lemma 2.11. Let both X and Y be either formal graded commutative, associative or Lie 
algebras, let £ : X —* X and 7 : X — > X be vector fields and let <p : X — > Y be a diffeomorphism, 
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then we have the following identities: 

(i 
(" 
(iii 

(iv 

(v 
(vi 
(vii 



Ik, i-y] = 0. 



Proof. Since Q'(X) is generated by elements in X and d(X), we only need to establish the 
identities on these generators. Let us prove (i), the Cartan homotopy formula. It should then 
be clear to the reader how to obtain the other identities. 

i(.d(x) = £(x), di^(x) = 0; 

Similarly, 

i^d(dx) = 0, di^{dx) = d(£(x)); 
L € (dz) = (-lf l d^{x)) = [i d](dx). 

□ 

We are now in a position to define the de Rham complex which will be the fundamental 
object in our applications of formal noncommutative geometry. For the purposes of working 
with commutative, associative or Lie algebras, one could use the definitions introduced by 
Kontsevich in These definitions were extended to the framework of operads by Getzler 

and Kapranov in |17j . The functor F : FAlg — > VMod^ (see AppendixEJfor definitions of the 
categories) is defined by the formula; 

F(X) := S 2 (X)/(x®fi(y,z) = n{x,y)®z), 

where X is a formal commutative, associative or Lie algebra and \x is the multiplication or 
Lie bracket respectively. This functor was originally introduced by Kontsevich in 30 . The de 
Rham complex is then defined as the result of applying the functor F to the differential envelope 
Q 9 (X). The differential d : 0*(X) — > induces the differential on the de Rham complex 

by applying the Leibniz rule, although in general the algebra structure will be lost and we will 
just have a complex. 

Definition 2.12. 

(a) Let A be a formal graded commutative algebra. The de Rham complex DRq (A) is 
defined as 

DR' Com (A) := n* Com (A). 
The differential is the same as the differential defined in Definition 12.51 

(b) Let A be a formal graded associative algebra. The de Rham complex DB\ SS (A) is 
defined as 

DR' Ass (A) ■= to'AnWW^AWj^iA)]. 
The differential is induced by the differential defined in Definition 12.51 

(c) Let g be a formal graded Lie algebra. The de Rham complex DR^ ie (g) is defined as the 
quotient of ^"i e (<?) < § ) ^*i e (9') by the relations 

x®y = {-l)\ x Wy\y®x; x, y e O£ ie 0), 
x®[y, z] = [x, y]®z; x,y,z G 0* ie (#). 

The differential d : DR^ ic (g) — > DR^ ie (g) is induced by the differential d : Q^ ie (g) — > 
°Lie(f) by specifying 

d(x®y) := dx®y + (-l)^x<§dy; x, y G ^*ie(f )■ 



Remark 2.13. In the commutative and associative cases the definition in terms of the functor F 
can be simplified, resulting in the definitions given above. The identification of F(Q,'(X)) with 
DR'(X) is given by 

F(D,*(X)) DR'(X), 

x®y i— ► x ■ y. 

In the commutative case we see that fi* om (X) and DR^ om (X) actually coincide. In the Lie 
case we must resort to the slightly awkward definition of the de Rham complex given by the 
functor F. 

Remark 2.14. Suppose we are given a profinite graded module W and consider the commutative, 
associative or Lie algebras SW, TW and LW. Recall from section IT~T1 that these modules have 
a grading on them which we called the grading by order. An element x € TW has homogeneous 
order n if x € W® n . We extend the grading by order on TW to the whole of DR^ SS (TW) 
by stipulating that a 1-form xdy has order ord(x) + ord(y) — 1. This suffices to completely 
determine the grading by order on DRj^ ss (TW). For instance an n-form 

xodxi . . . dx n 

has order ord(xo) + . . . + ord(x n ) — n. We obtain a grading by order on DR.Q om (SW) and 
DR^ ie (LW) in a similar and obvious manner. 

Remark 2.15. It follows from Remark 12.91 that the de Rham complex construction is functorial. 
Suppose that both X and Y are either formal graded commutative, associative or Lie algebras 
and that <j> : X — > Y is a continuous algebra homomorphism. The continuous differential graded 
algebra homomorphism (f>* : 0*(X) — > £l'(Y) induces a map between the de Rham complexes 
which, by an abuse of notation, we also denote by eft*; 

(2.1) cp* : DR'(X) -» DR'iY). 

For instance, in the Lie case the map 4>* : DR^ ic (g) — > DR^ ie (h) is given by; 

<t>*(x®y) := <f>*(x)®<f> m (y)] x,y G nl ie (g). 

The de Rham complex inherits a bigrading derived from the bigrading on £l'(X). Given a 
vector field ^ : X — > X we can define Lie and contraction operators Lg, : DR*(X) — > DR'(X) 
of bidegrees (0, |£|) and (— 1, |£|) respectively. These are induced by the Lie and contraction 
operators defined in Definition 12.101 and by an abuse of notation, we denote them by the same 
letters. It should be clear how Lg and are defined except perhaps in the Lie case. In this case 
Lf- : DRl ic (g) -> DR^ ic (g) is defined by specifying 

L^{x®y) := L 6 {x)®y + (-l^x&L^y); x,yeff Ue (g)- 

The operator ig : DR^ ic (g) — > DR^ ic (g) is defined in the same way. It is obvious that the 
operators L^,ie : DR*(X) — > DR'(X) satisfy all the identities of Lemma 12.111 

We denote the zth fold suspension of the component of DR'{X) of bidegree (i, •) by DR l (X) 
and call these the z-forms. This definition gives us the identity; 

DR'(X) = DR°(X) x Y 1 - l DR 1 {X) x T,- 2 DR 2 (X) x . . . x T,~ n DR n (X) x .... 

The following lemma describing DR 1 (X) could be found in ^H]. There is also a description of 
DR°(X) in Proposition 4.9 of 17 and in [IB]. 

Lemma 2.16. Let W be a profinite graded module. We have the following isomorphisms of 
graded modules: 

(a) @cor* ■■ W®SW ^ DR^JSW), 

@Com(x®y) ■= dx ■ y. 

(b) 9 Ass : W®f W -» DR\ SS (TW) , 

e Ass (x(g)y) := dx ■ y. 

(c) 6 Lie : W®LW -» DRl^LW), 

&Lie(x^>y) := dx(&y. 
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Proof. Let us prove (c) since it is the most abstract. It should then be clear how to prove the 
other maps are isomorphisms. The 1-forms DR^ (LW) are generated by representatives of the 
form x<S>y where x G f2f= (LW) and y G LW. Using the Leibniz rule 

d[a,b] = (-l)^[a,db] - {-l)^ +1 ^[b,da}; a,beLW 

we conclude that fi Li (LW) is generated by elements of the form u ■ dw®y where u G U(LW), 
w G W and y G LW. Now using the relation we imposed on DR^ ic (LW) in Definition 12.121 

[a,b]®c = a®[b,c]\ a,b,c G Lie (LW); 

we assert that DR^ ic (LW) is generated by representatives of the form dw®y where w G W and 
y G LW. It is now clear that ©Lie is an isomorphism. □ 

Remark 2.17. Note that since W®TW = Y\aL\ W® % we may also regard ©Ass a s a map 

oo 

Q^-.^W^ ^ DR} Ass (TW). 

i=l 

Given either a formal commutative, associative or Lie algebra X, we define the de Rham 
cohomology of X to be the cohomology of the complex DR*(X). We define H l (DR*(X)) as 

^ (2?i2 (x)) •= d(z?i?-i(x)) • 

The following result is the (non) commutative analogue of the Poincare lemma and can be found 
in [HOj- 

Lemma 2.18. Let W be a profinite graded module: 



(b) 



H\DR' Com {SW)) =0 i>l, 
F (Di% om OW)) = IK. 

W(DRIJTW)) =0 i>l, 
H°(DR Ass (TW)) = K. 

(c) 

ff'(D^ ie (Llf)) = 0. 

Proof. Let us prove (b). It will then be clear that the same argument will work to establish the 
other cases. Choose a topological basis {xj}j G j for the profinite module W and consider Euler's 
vector field £ : TW — > TW of degree zero and order one: 

iei 

Since we are working in characteristic zero, L^ : DR Ass (TW) — > Di?^ ss (Tiy) establishes a 
one-to-one correspondence on every component except on the component 

K C TW/[TW,TW] = DR° Ass (TW) 

of bidegree (0, 0) and order which it maps to zero, however, by the Cartan homotopy formula 
of Lemma 12.111 part (i) we know that L^ is nullhomotopic whence the result. □ 
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3. Relations between Commutative, Associative and Lie Geometries 



In this section we will discuss some aspects of noncommutative geometry which describe the 
relationships between the commutative, associative and Lie versions of the theory described 
in section |^1 We will only concern ourselves with describing this relationship for the pro-free 
algebras SW, TW and LW. One of the main purposes of this section will be to lay the 
groundwork for sections El El an d El and also to expand upon a theorem of Kontsevich [3U] . 
This theorem will allow us to consider the closed commutative, associative or Lie 2-forms of the 
pro- free algebras SU*, TU* or LU* respectively, as linear maps a : TU — > K. 

We first of all establish some fundamental identities for the operators N and z defined in 
section 11.11 We then introduce a series of maps which we use to establish some relationships 
between the complexes DR,Q om (SW), DR\ SS (TW) and D _R* io (LW) . We use these relationships 
to prove Theorem 13.51 and we use this theorem to interpret the closed 2-forms as linear maps. 
In particular we identify the 2-forms giving rise to symmetric bilinear forms. 

Lemma 3.1. Let W be a graded profinite module: 
(i) The following identity holds: 



(3.1) TW/[TW,TW] = ]J(W &i ) Zi 

(ii) The following diagram commutes: 



i=0 



e 



W®f W DR\JTW) 



DRlJTW) 



TW 



N 



ur=i 



TW/[TW,TW] 



Proof. Let x := xi® ■ ■ ■ ®x„ G W® n C TW: 
(i) For 1 < i < n — lwe calculate; 

(1 - 4) • x = xi<g> . . . ®x n - 

= [xi(g> . . . ®Xi, X i+ i® . . . ®x n ]. 

This calculation suffices to establish equation (|3.1|) . 

(ii) 



(3.2) 



5 n C5>Xl® • • • Xi 



(3.3) 



d(x) = y^(-l)M+-+l' c i-d a ; l( g l . . . ®Xi-i ■ dxi ■ x i+ i® . . . ®x n , 

n 

= ^2(-l)(\ x ^ + --- + \ x ^(\ x ^ + -+\ x "\)dxi ■ x i+ i® . . . ®x n ®X!® . . . ®Xi-i mod [-, -]. 



i=l 
n-1 



|+...+|a;i])(|a; i+ i|+...+|a;n|) 



£j + l<8> . . . ®X n ®X\® . . . <S>Xi. 



i=0 



From this calculation we see that ®Ass(N n ■ x) = d{x) and therefore the diagram is 
commutative. 



□ 



ii 



Our next task will be to identify the closed 2-forms of DR^ om (SU*), DR Ass (TU*) and 
DR^ ic (LU*) with a submodule of the module consisting of all linear maps a : TU — > K. In 
order to do this we will need to introduce maps between the de Rham complexes and establish 
some basic properties of them. 

Let W be a graded profinite module. The completed tensor algebra TW is a Lie algebra under 
the commutator and the differential envelope Q Ass (TW) is a differential graded Lie algebra under 
the commutator. There is a series of canonical Lie algebra inclusions; 

lw f w n Ass (? W). 

By Proposition 12.81 the composition of these inclusions extends to a map of differential graded 
Lie algebras 

V : ni ie (tw) - n AsB (TW). 

One can easily check that the following formula holds for all a, b, c G £l Ass (TW): 

(3.4) a[b, c] = [a, b]c mod [— ,— ]. 

This allows us to define a map / : DR^ ic (LW) — > DR Ass (TW) which is induced by the map I' 
and given by 

(3.5) l{x®y):=l'{x)l'{y); x , y G n' Lic (LW) . 

It follows from equation (|3.4j) that this map is well defined modulo the relations of Definition 
Enipart (c). 

We can define another map p : DR Ass (TW) — > DR' Cora {SW) as follows: The commutative 
algebra SW is obviously an associative algebra and the canonical projection TW —» SW is a 
map of associative algebras. By Proposition 12.81 this map extends to a map of DGAs 

P ' : w) - n* Com (sw). 

Clearly this map is zero on commutators and hence induces a map 

(3.6) p : DR Ass (TW) - DR' Com (SW). 

Next we need to introduce a map i : SW — > nSo(^ / ' X,4 ) Si- This is defined as the canonical 
map identifying coinvariants with invariants and is given by 

(3.7) i(xi® . . . (£>x n ) := <r • xi<g) . . . ®2; n . 

Finally, we can describe a map j : DRQ om (SW) — ► L>i?^ ss (TP^). This is defined by the 
following commutative diagram which uses the isomorphisms defined by Lemma 12.161 and the 
map i defined above by equation (|3.7j) : 

(3-8) W&SW -^pDR^JSW) 



W®TW DR\JTW) 

The map I : DRl ic (LW) -» Dii^ssl^^) defined by equation (J3~5|) can be lifted to a unique 
map 

ggygWp ; DRjjTW) 
d(DRl e (LW)) d(DRlJTW))' 
Similarly, the map p : DR Ass (TW) — > L>i?^ om (S'VF) of ()3.6j) can be lifted to a unique map 

Abusing notation, we will denote the induced maps by the same symbols I and p. 
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Lemma 3.2. Let W be a graded profinite module: 

(i) The map I : DRl ic (LW) -» DR\JTW) is injective. 



(ii) The map 



I : 



DRl e (LW) 



DRiJTW) 



d(DRl c (LW)) d(DR%jTW)) 
is also injective. 

(iii) The map j : DRq JSW) — > DRiJTW) defined by diagram (|3.8jl is injective and the 
map p : DRiJTW) — > D.Rjk om (5W) is surjective. 

(iv) T/ie map j : DRg JSW) — > DRiJTW) can be lifted to a unique map 



DRhoJSW) 



DRjjTW) 
d(DR° Co JSW)) d(DR%jTW)) 

which will be denoted by the same letter j by the customary abuse of notation. 
(v) The map 



J 



d(DR° Co JSW)) d(DRlJfW)) 



DRiJTW) 



is injective and the map 



P ■ 



DRiJTW) 



DRhoJSW) 



d(DRlJTW)) d(DR° Co JSW)) 
is surjective. 

All told, we have the following diagram of injections and surjections: 



DRi(SW) 



DRiJTW) 



DRbJLW) 



j 

DR\JTW) 
d(DR° Aga (TW)) 

1 

DRIJLW) 
d(DRO ic (LW)) 



Proof. From the identities; 

( a ) UZi = W&TW, 

(b) DR° A JTW) =TW/[TW,TW], 

(c) DRlJLW) = LW®LW/([x, y]®z = x®[y, z\); 

it follows that there are maps; 



ttass : W®TW 



DR° A jfW), 



TTLie : W&LW 



DRlJLW); 



which are just the canonically defined projection maps. Let u : LW — > TW be the canonical 
inclusion of the Lie subalgebra LW into TW. These maps fit together with the maps ©Ass 
and ©Lie defined by Lemma 12,161 and the map I defined by equation (|3.5|) to form the following 
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commutative diagram: 
(3.9) 



DRIJTW) W(g>TW — DRIJTW) 



1®U 



e Li c 



DRlJLW) W®LW DR° Lic (LW) 

(i) Since u is injective we conclude from diagram (|3.9j) that the map 

/ : DRl ic (LW) - Di&JIW) 

is injective. 

(ii) Let x € Di^ie^W") be a 1-form of order n and suppose that Z(a;) € d(-Di? Ass (TW)). 
By Lemma l3~Tl part (ii), Oass satisfies the identity, 

(3.10) ©Ass o N = d o ttass 

and therefore identifies d(DR° Ass (T W)) with the module of invariants Uili( w ^ i ) Zl ■ 
Using the commutativity of diagram (j3.9j) we perform the following calculation: 



l(x) 



n + 
1 

n + 
1 



n + 1 



-GAss^Vn+lQLV^)' 
ldTTUe@u e (x). 



From part (i) of this lemma we conclude that x = ^jd7rLie@ Li g(a;) and hence the map 



/ : 



DRlJLW) ^ DRiJTW) 



d(DR° Ue (LW)) d(DR A jTW)) 
is injective. 

(iii) One can easily verify the following equation from which the assertion follows immedi- 
ately: 

(3.11) pj(dxQ ■ xi<S> ■ ■ ■ 0x n ) = nldxo ■ x\® . . . <g>x n . 

(iv) Let x := xi<8> • . . <S>£n+i & TW and let x denote its image in the quotient SW = 
DR° Com (SW), then 



(JdSn T£Z n + l 

E a - x > 

E E 



TO ■ X. 



Using equation (|3.1()|) we obtain; 



jd(x) = diTAss ^ cr ■ x , 



hence the map defined by diagram (|3.8|) can be lifted to a map 
. < m (W) ^ ZJ< ss (flU) 

(v) This is an immediate consequence of equation ()3.11|) , 
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Remark 3.3. Let W be a graded pro-finite module. We will now describe a sequence of Lie 
algebra homomorphisms; 

Bei(LW) ^ Der(f W) -» Der(SW). 

Any vector field £ € Der(Tiy) is specified uniquely by its restriction £ : W — > TW (cf. 
Proposition IA.13|) and likewise for LW and SW. It follows that any vector field £ € Der(LW) 
can be extended uniquely to a vector field 

£ : f W -> TW 

In fact, this vector field is a Hopf algebra derivation (i.e. a derivation and a coderivation) when 
TW is equipped with the cocommutative comultiplication {shuffle coproduct) defined in Remark 
IA.18I Furthermore all continuous Hopf algebra derivations are obtained from Der (LW) in this 
way. This is because the Lie subalgebra of primitive elements of this Hopf algebra coincides 
with the Lie subalgebra LW. This establishes a one-to-one correspondence between Der(LW) 
and continuous Hopf algebra derivations on TW. 

Any map £ : W — ► TW gives rise to a map £ : W — > SW simply by composing it with the 
canonical projection TW — ► SW. It follows that any vector field £ € Der(TW) can be lifted to 
a unique vector field 

i : SW -> SW 

and that all the vector fields in Der(SW) are obtained from Der(TVF) in this way. 

We will now formulate a lemma, the proof of which is a simple check, which describes how 
this sequence of Lie algebra homomorphisms interact with our maps I and p: 

Lemma 3.4. Let W be a graded profinite module: 

(i) Given any vector field £ : LW — > LW, the following diagrams commute: 



DR' Ass (TW) 



DR' Lic (LW) 



DRXJTW) DRIJTW) 



DRl ie (LW) 



DR'ue(LW) 



DR' A JTW) 



DR' Lic (LW) 



(ii) Given any vector field £ : TW — * TW , the following diagrams commute: 

DR' Com (SW) — DR' Co jSW) DR' Com (SW) — DR' Com (SW) 



DR'aJTW) 



DR'aJTW) 



DR'aJTW) 



DR'aJTW) 



□ 

Using Lemma 13.21 we can prove the following interesting theorem. This result was proved in 
30 for closed associative 2- forms and stated without a proof for closed Lie 2-forms. We will 
describe the analogous result in the commutative case as well. Given a graded profinite module 
W we can consider the module of commutators 

[W,l\™ {W® l ) s >] C [TW,TW] C TW. 
Theorem 3.5. Let W be a graded profinite module. There are isomorphisms: 



(ii) 



Cass : W G DR 2 Ass (TW) : duJ = 0} -> [TW, TW}. 

Ccom : W G DR 2 Com (SW) : du> = 0} - [W, UZo(W^)% 
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(iii) 

Cue : W G DRt ie {LW) :du = 0}^ [LW, LW]. 

Proof. Firstly if X is one of the three algebras SW , TW or LW then by Lemma 12,181 there is 
an isomorphism of modules, 

/ : DR 1 {X)/d(DR°(X)) -> {lu G DR 2 (X) : alto = 0}; 

where / is defined by the formula f(x) := dx. We will denote this isomorphism by /com> /ass 
or /Lie respectively. 

(i) First of all note that by Lemma l.i.U the isomorphism Oass defined in Lemma 12.161 
induces a map, 

. EL=i^ . DRlJTW) 

fc>Ass ■ 



iV-nSi^ d(DR° A jTW)) 



which is also an isomorphism. 

Equation Q3.2JI gives us the identity 



oo 



(1-z) • Y[W & = [TW,TW]. 

i=l 

This allows us to define a module isomorphism 

d(Dg> A JTW)) 

by the formula g(x) := (1 — z) ■ ©Ass( x )- We then define the isomorphism £ass by the 
formula 

Cass := 9 ° /asV 

(ii) By Lemma 13.21 there is an injection 

' d(£i2° om (SW0) dpi? Ass (TW))' 

Composing j with (7 yields an injection g o j. It requires a simple check using the 
definition of j and equation (|3.2j) to see that the image of g o j is [W, T\iZi(W m ) St ]. It 
follows that the map 

Ccom : 6 £i$ om (SW) : = 0} - [W;n£o(W&) s «] 

defined by the formula Ccom(^) := 93 j c OTa { x ) ls an isomorphism. 

(iii) By Lemma 13.21 there is an injection 

Composing / with g yields an injection g o I. Again it requires a simple check using the 
definitions and equation (|3.2|) to see that the image of g o I is [W, LW], however, using 
the Jacobi identity we obtain the equality 

[W, LW] = [LW,LW]. 

It follows that the map 

Cue : W G DRl ie (LW) :doj = 0}^ [LW,LW] 
defined by the formula Chie(x) := 9lfue( x ) is an isomorphism. 

□ 
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Remark 3.6. It follows from the definitions that the maps Ccom, Cass and (ue satisfy the following 
relations: 

Cass o d = (1 - z) o @~l s , 
(3.12) Ccom ° d = (Ass ° d o j, 

(hie = CAss ° I- 

If we set W := U* in Theorem 13.51 where U is a free graded module, then we can interpret 
the closed 2-forms as linear maps (TU)* — > K. We now want to concentrate on 2-forms of order 
zero and determine what linear maps in (TU)* they give rise to under the maps Ccom> Cass and 
(jje- 2-forms of order zero are naturally closed since it is easy to see that any 2-form uj of order 
zero has the following form: 



u G DR 2 Com (SU*) => uj 
uj G DR 2 Ass (TU*) => uj 
uj G DR 2 ic (LU*) uj 



dxi ■ dy, 
Y,i dxi ■ dy, 

dxi®dy 



Xi,yi G U*; 
Xi,yi G U*; 
Xi,Vi G U*. 



We have the following lemma which describes the maps that two forms of order zero give rise 

to: 

Lemma 3.7. Let U be a free graded module. Every map in the following commutative diagram 
is an isomorphism: 

{uj G DRl om (SU*) : ord( W 



{uj G DRlJTU*) : ord(^ 




(A 2 uy 



CLic 



{uj G DRlJLU*) : oid(uj) = 0} 
Proof. This follows from Theorem 13.51 and the identity 

[u*, u*] = (i - z) ■ u*®u* = (A 2 uy. 



□ 



This means there is a one-to-one correspondence between the module of 2-forms (commuta- 
tive, associative or Lie) of order zero and the module consisting of all skew-symmetric bilinear 
forms 

(-,-): U®U^K. 

We will now recall the definition of a nondegenerate 2-form (cf. jlSj ) and a nondegenerate 
bilinear form: 

Definition 3.8. 

(i) Let X be either a formal graded commutative, associative or Lie algebra and let uj G 
DR 2 (X) be a 2-form. We say uj is nondegenerate if the following map is a bijection; 

Der(X) -» DR l (X), 

(ii) Let U be a free graded module of finite rank and let (— , — ) : U ®U — > IK be a bilinear 
form. We say that (— , — ) is nondegenerate if the following map is a bijection; 

U -» U*, 

U I — > [x i— > (u, x)]. 

If in addition (— , — ) is symmetric then we will call it an inner product on U. 
We have the following proposition relating the two notions: 
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Proposition 3.9. Let U be a free graded module of finite rank and let X be one of the three 
algebras SU* , TU* or LU*. Let uj G DR 2 (X) be a 2-form of order zero. Let (-, -) := £(oj) 
be the skew-symmetric bilinear form corresponding to the 2-form uj, then uj is nondegenerate if 
and only if (—, — ) is nondegenerate. 

Proof. We will treat the three cases X = SU*, X = TU* and X = LU* simultaneously. Let 
x\. . . . , Xyi be a basis of the free module U. There are coefficients aij £ ]K such that 

uj = aijdx*dx*. 

l<i ,j<n 

It follows from the definition of £ that 

(a,b)= £ 8 13 [(-l)W^i +1 )^(aK(6)-(-l)l 1 -l<(^(&). 

l<i,j'<n 

Let us define the map $ : Der(X) — > DR l (X) by the formula 

HO :=*{(«)• 
Let us also define a map -D : C7 — > U* by the formula 

D(ii) := [x t-¥ (u, a;)]. 
We calculate <3> as follows: Let £ E Der(X), then 

$(0 = %h= £ a^[e(x*)-dx* + (-i)^i +i )^i +i )^*-e(x*)], 

l<i,j'<n 

= ^'[(-l) (|Xjl+1)(|x ' l|+lfl) ^ • + (-l) ilx ' l+im+1) dx* ■ £(**)]. 

l<i,j<n 

We calculate D as follows: For all a € C7, and 1 < A; < n; 

D(x k )[a] = (x k ,a) = £ ay [(-l)^l^l +1 )x*(^<(a) - (-l)^x*(x k )x*(a)_ , 

l<i,j<n 

= E [(-i) 1 *^^* - (-lj'^'ajw] <(a). 

l<i<n 

Let /i : J7* — > X be the canonical inclusion of the submodule U* into X. Since any vector 
field £ € Der(X) is completely determined by its restriction £oh (cf. Proposition IA.13~|) we have 
the following isomorphism of graded modules: 

Der(X) * Rom K (U*,X), 

£ l— > £ O /l. 

It follows from the preceding calculations that the following diagram is commutative: 

«-i M(gix^(-l)l^l+(l"l+ 1 )(l :E l+ 1 )M(g)a; 

lfY ^ „, - U* <S> X ^£/*<g>X 



DR 1 {X) 



Der(X) Hom K ([/*, X) = [/** ® X = [/ ® X 

We conclude that $ is a bijection if and only if D is a bijection. 



□ 



Remark 3.10. For simplicity's sake, let us assume we are working over a field of characteristic 
zero which is closed under taking square roots and that U is finite dimensional; then every 
homogeneous 2-form u> € DR 2 (X) (where X = SU* , TU* or LU*) of order zero has a canonical 
form. 

Suppose that u has even degree, then there exist linearly independent vectors; 



(3.13) 



Pi,-- - ,Pn',Qh • • • ; Qn',Xi, . . . , x m 6 U 
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(where the p^s and the q^s are even and the Xj's are odd) such that u has the following form: 

n m 

U = Yl d Pi d( li + Yl dx *i dx i- 
i=l i=\ 

If oj is nondegenerate then (|3,13|) is a basis for U. The bilinear form (— , — ) := is given by 
the formula: 

(xi,pj) = (xuqj) = (pi,Pj) = (qi,qj) = 0. 
Now suppose that u> has odd degree, then there exist linearly independent vectors; 

(3.14) x 1 ,...,x n ;y 1 ,...,y n eU 

(where the x^s have odd degree and the y^s have even degree) such that u has the following 
form: 

n 

U = Y dX i dy i- 
i=l 

Again, if oj is nondegenerate then 1)3.14(1 is a basis for U. The bilinear form (— , — ) := C{oo) is 
given by the formula: 

{Xi iVj) = 0~ij i 

(xi,Xj) = (yuVj) = 0. 

4. Infinity algebra Prerequisites 

In this section we will review the definitions of three types of infinity algebra, namely Coo 3 ^00 
and Lqo. These are the (strong) homotopy generalisations of commutative, associative and Lie 
algebras respectively. We will also define the appropriate notion of a unital ^4ooand Coo-algebra. 
We shall utilise the duality between derivations and coderivations to define an oo-structure as a 
homological vector field on a certain formal super manifold. This approach will provide us with 
the natural framework in which to apply constructions from noncommutative geometry. 

Let V be a free graded module and choose a topological basis t := {tjjig/ of T,V*, then 
TT,V* = K((t)}. Recall from section fTTTI that we say a vector field (continuous derivation) 
£ : TY*V* — > TTiV* vanishes at zero if it has the form 

where the power series Ai(t),i G / have vanishing constant terms. 

We will now recall from pQ, ^S] and [53] the definition of an Loo, ^oo and Coo-structure on 
a free graded module V. An Loo, ^4<x> or Coo-algebra is a free graded module together with an 
Lqo, ^4oo or Coo-structure. Given an element x in a graded algebra A we define the derivation 
adx : A — * A by the formula adx(y) := [x,y]. 

Definition 4.1. Let V be a free graded module: 

(a) An Loo-structure on V is a vector field 

m : SY,V* ST,V* 

of degree one and vanishing at zero; such that m 2 = 0. 

(b) An Aoo-structure on V is a vector field 

m : f SI/* -> TT,V* 

of degree one and vanishing at zero; such that m 2 = 0. 

(c) A Coo-structure on V is a vector field 

m : LSI/* -> LT.V* 
of degree one; such that m 2 = 0. 

19 



Remark 4.2. For most applications the definition just given will suffice. However for an arbitrary 
graded ring K (as opposed to a field) it might lead to homotopy noninvariant constructions. 
E.g. the Hochschild cohomology of two weakly equivalent j4oo-algebras may not be isomorphic. 
In order to avoid troubles like this the definition needs to be modified as follows. In all three 
cases the oo-structure m can be represented as 

m = mi + m 2 + . . . + m n + . . . , 

where mj is a vector field of order i. The condition m? = implies that mf = 0. In other 
words V together with the self-map mi forms a complex of K-modules. We then require that 
this complex be cellular, in the sense of [321 • This requirement is extraneous when for example, 
V is finitely generated and free over K or when IK is a field. 

Definition 4.3. Let V and U be free graded modules: 

(a) Let m and m! be Loo-structures on V and U respectively: An Loo-morphism from V to 
U is a continuous algebra homomorphism 

(f) : SZU* -> SUV* 

of degree zero such that (j) o m! = m o <f). 

(b) Let m and m! be Aoo-structures on V and U respectively: An Aoo-morphism from V to 
U is a continuous algebra homomorphism 

(p : TY.U* -> f £V* 

of degree zero such that (j) o m' = m o <f). 

(c) Let m and ml be Coo-structures on V and U respectively: A Coo-morphism from V to 
U is a continuous algebra homomorphism 

<f> : LY>U* -> LSF* 

of degree zero such that <j) o m! = m o <f). 

Remark 4.4. We have a diagram of functors 

(4.1) Coo— algebras — > A^— algebras — ► L^— algebras 

which depends upon the sequence of Lie algebra homomorphisms defined in Remark 13.31 

Recall that any vector field m : LY>V* — > LT,V* can be uniquely extended to a continuous 
Hopf algebra derivation (where TT,V* is equipped with the cocommutative comultiplication 
(shuffle coproduct) defined in Remark IA.18|) 

m : f Y>V* -» TTy* 

and that all continuous Hopf algebra derivations on TSV* are obtained from Der(LSV*) in this 
manner. It follows that any Coo-structure gives rise to an ^oo-structure in this way. Similarly, 
any continuous Lie algebra homomorphism <p : LT,U* — > LY>V* can be uniquely extended to a 
continuous Hopf algebra homomorphism 

<f> : TY>U* -> f Sy* 

and all continuous Hopf algebra homomorphisms are obtained from continuous Lie algebra 
homomorphisms in this way. This is because the Lie subalgebra of primitive elements of our 
Hopf algebra TSV* coincides with the Lie subalgebra LT,V*. 

The category A^— algebras has a subcategory whose objects consist of the ^4oo-algebras 
whose ^oo-structure is also a Hopf algebra derivation and whose morphisms are the A^- 
morphisms which are also Hopf algebra homomorphisms. It follows from the discussion above 
that this category is isomorphic to Coo— algebras. 

Recall as well that any vector field m : TY>V* — > TT,V* can be lifted to a unique vector field 

m : SY,V* -» ST>V*. 
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It follows that any ^oo-structure gives rise to a Loo-structure in this manner. Similarly any 
continuous algebra homomorphism (j> : TEC/* — > LEV* can be lifted to a unique continuous 
homomorphism 

4> : SEC/* -> SEV*. 

Observe that given a minimal Coo-algebra, the corresponding Loo-algebra under the maps of 
diagram Q4.1JI is a trivial algebra (i.e. its multiplication sends everything to zero). 

We will now define an important type of Aoo and Coo-algebra; unital vloo and Coo-algebras: 

Definition 4.5. Let V be a free graded module: 

(i) (a) We say that an ^loo-structure m : LEV* — > LEV* is unital if there is a distinguished 

element 1 £ V (the unit) of degree zero which can be extended to a basis 1, 
of V such that m has the form; 

m = A{t)d T + ^Bi(t)d u +adr-T 2 d T , 

where r, t := r, {ij}j e / is the topological basis of EV* which is dual to the basis 
El, {Sxjjig/ of EV". In this case we say that the Aoo-algebra V is unital or that it 
has a unit. 

(b) Suppose that V and U are two unital ^oo-algebras. We say that an Ajxj-morphism 
<p : TEC/* — * TEV* is unital if (f> has the form; 

4>{r') = r + A(t), 
<P(t'i) = Bi(t); 

where r,t and r',t' are the topological bases of T,V* and EC/* which are dual to 
the bases Ely, {Exjjjg/ and Elf/, {Ex^jjgj of EV and EC/ respectively. 

(ii) (a) We say that a Coo-structure m : LEV"* — > LEV"* is unital if the corresponding 

^4oo-structure (see Remark 14.4(1 is unital. 
(b) Suppose that V and U are two unital Coo-algebras. We say that a Coo-morphism 
<p : LTiU* — > LEV* is unital if the corresponding ^4oo-rnorphism (see Eemark I4.4jl 
is unital. 

Remark 4.6. There is an alternative definition of an oo-structure on a free graded module V. 
This is the definition that was originally introduced by Stasheff in and According to 
this definition an oo-structure on V is a system of maps 

fhi : V® { -> V, i > 1 

(where |rrtj| = 2— i) satisfying the higher homotopy axioms (and possibly some graded symmetry 
axioms as well). For ^oo-algebras for instance these axioms imply that m2 is associative up to 
homotopy (the homotopy being provided by rh^) whilst for Loo-algebras they imply that rfi2 
satisfies the Jacobi identity up to homotopy. In particular, in all three cases they specify that 
the map rhi is a differential and a graded derivation with respect to the multiplication m.2- 

There is also an alternative definition of oo-morphisms in this context. These are a system 
of maps 

: V m -> U, i > 1 

(where \<pi\ = 1 — i) satisfying certain compatibility conditions with the rhi and m'^s which 
specify the oo-structures on V and U respectively. In particular the map <pi must be a map of 
complexes; <p\ o rhi = Th'i <Pi- We say that the oo-morphism given by this system of maps is a 
weak equivalence if the map 

fa. : (V,mi) -> (C/,mi) 

is a quasi-isomorphism. If rh\ = then we say that the ^oo-algebra is minimal. It is easy to 
see that a weak equivalence of two minimal co-algebras is in fact an isomorphism. 
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Let us describe how this alternative style of definition is equivalent to that described in 
definitions 14. 1 1 and 14. 31 beginning with the ^4qo case. Firstly there is a one-to-one correspondence 
between systems of maps rhj : V®* — ► V, i > 1 and systems of maps rrii : Sy 8 ' — > XV, i > 1 via 
the following commutative diagram: 



(4.2) 



V 



sv 8 * 



v 



xv 



Of course the mj's will inherit additional signs from the Koszul sign rule. It is well known 
that any system of maps rrii : XV® 4 — > XV, i > 1 can be uniquely extended to a coderivation 
m on the tensor coalgebra TXV which vanishes on K. C TXV. Furthermore all coderivations 
vanishing on K are obtained in this way, hence there is a one-to-one correspondence 



Hom K (TXV/K,XV) <-> {m G Coder(TXV) : m(K) = 0}. 

The condition m 2 = turns out to be equivalent to the higher homotopy associativity axioms 
for the mj's. Now simply observe that the dual of a coderivation on TXV is a continuous 
derivation on (TXV)* = TXV*. It follows from Proposition IA.6| that our two definitions of an 
Aoo-structure are equivalent. 

^oo-morphisms are dealt with in a similar manner. Again there is a one-to-one correspondence 
between systems of maps fa : V® 1 — > U, i > 1 and systems of maps fa : XV®* — ► "SU,i > 1. 
It is well known that systems of such maps are in one-to-one correspondence with coalgebra 
morphisms 4> : TXV — ► TTJJ . The dual of a coalgebra morphism is a continuous algebra 
homomorphism <p* : TT,U* — > TT,V* . The condition in Definition 14.31 which stipulates that 
(p* commutes with the ^loo-structures reflects the compatibility conditions placed on the fa's 
alluded to in Eemark 14.61 Further details on the formal passage to the dual framework can be 
found in Appendix lAl 

The Coo case is a restriction of the case. Certain graded symmetry conditions are placed 
on the maps rhi : V® 1 — > V in addition to the higher homotopy associativity conditions. These 
symmetry conditions are satisfied if and only if the corresponding Aoo-structure m : TT,V* — > 
TTiV* is a Hopf algebra derivation (i.e. a derivation and a coderivation), where TT,V* is endowed 
with the cocommutative comultiplication (shuffle coproduct) defined in Remark I A. 181 Similarly 
certain graded symmetry conditions are placed on the maps fa : V® 1 — > U in addition to the 
conditions requiring that the fa's are compatible with the ^oo-structures. These symmetry 
conditions are satisfied if and only if the corresponding ^oo-morphism <j) : TT,U* — > TSV* is 
a Hopf algebra homomorphism. It now follows from E,emark 14.41 that our two definitions of a 
Coo-structure are equivalent. 

The Lqo case is slightly different. Systems of maps rrii : S l T,V — > XV 7 , i > 1 are in one-to- 
one correspondence with coderivations m : S~SV — > 5 XV which vanish on IK C SXV, where 
S"XV is equipped with the cocommutative comultiplication defined in Remark I A. 181 Similarly 
systems of maps fa : S l T,V — > HU, i > 1 are in one-to-one correspondence with coalgebra 
homomorphisms : S"XV — > ST>U. The condition m 2 = corresponds exactly to the higher 
homotopy Lie axioms. The dual of a coderivation on S"XV which vanishes on K is a continuous 
derivation m* : (S"XV)* — ► (S"XV)* which vanishes at zero, where (SXV)* is endowed with the 
shuffle product. Similarly the dual of a coalgebra morphism <fi : ST,V — > ST,U is a continuous 
algebra homomorphism fa : (SHU)* — > (SXV)*. 

Since coinvariants are dual to invariants we have the following identity: 



(SXV)* = Ix (XV*) Sl x ((XV*)® 2 ) 52 x ((XV*)® 3 ) 53 x 

22 



Recall that in equation Q3.7JI we denned the map i : ST,V* — > (ST,V)* which is the canonical 
map identifying coinvariants with invariants and is given by the formula 

(4.3) i(xi<8) . . . <g>x n ) := ^ a ■ x\® . . . ®x n . 

This map has an inverse it : (ST,V)* — > ST,V* given by the projection 

(4.4) Tv(xi® . . . ®x n ) := — a^® . . . ®x n . 

n\ 

Using the maps i and ir to identify the module (ST,V)* with the module SUV*, the shuffle 
product on (SY>V)* is transformed into the canonical commutative multiplication on ST,V* 
which is inherited from the associative multiplication on TY>V*. From this it follows that our 
two definitions of a Loo-structure are equivalent. 

Further details on oo-algebras and their definitions can be found in j^Tj, ^3 §5] and [3*5] . 

5. Minimal Infinity algebras 

In this section we prove that any Coo-algebra is weakly equivalent to a minimal one. This 
theorem in the context of j4oo-algebras was first proved by Kadeishvili in |2fi| but it had its 
precursors in the theory of minimal models in rational homotopy theory, cf. [H^. It has since 
been reproved by many authors, cf. |23| and references therein. The proof in the Loo case was 
outlined in [22]. It seems that there is no published proof in the Coo case in the literature. We 
will give here a short proof based on the notion of the Maurer-Cartan moduli space associated 
to a differential graded Lie algebra, cf. ^H]- With obvious modifications our proof works for 
and Lqo cases as well. 

In this section we make an assumption that I is a field, or, more generally, a graded field 
(i.e. a graded commutative ring whose homogeneous nonzero elements are invertible). 

We first recall some standard facts from the Maurer-Cartan theory following ^2]- Let Q be a 
differential graded Lie algebra which we assume to be nilpotent, or, more generally, an inverse 
limit of nilpotent differential graded Lie algebras. The set MC(G) C Q l is by definition the set 
of solutions of the Maurer-Cartan equation 

(5.1) d7 + I[ 7 , 7 ] =0 . 

Furthermore, the Lie algebra Q° acts on MC{Q) by infinitesimal affine transformations: for 
a G G° we have a vector field 7 1— > da + [7,0] on MC(Q). This action exponentiates to an 
action of the Lie group exp(<7°) on AiC{Q). We will call the set of orbits with respect to this 
action the Maurer-Cartan moduli space associated to the differential graded Lie algebra Q. 

Now let Gi,Q2 be two nilpotent differential graded Lie algebras. We assume that they are 
endowed with finite nitrations {F p (Gi)} and {^(^2)}, P = 1,2,... ,n and there is a map of 
filtered differential graded Lie algebras / : Q\ — ► Qi which induces a quasi-isomorphism on the 
associated graded of Q\ and Q2- Under these assumptions we have the following result. 

Theorem 5.1. The map f induces a bijection MC{Q\) — > MC^Qi)- 

This seems to be a well known result and is formulated in this form in ^fj], Theorem 2.1. 
However Goldman-Millson's version [T^], Theorem 2.4 does not readily carry over since we 
are dealing with differential graded Lie algebras not necessarily concentrated in nonnegative 
degrees. We therefore sketch a proof suitable for this more general situation. This proof is 
modelled on |14j . Proposition 4.6. We start with the definition of the simplicial Maurer-Cartan 
set (also called the simplicial Deligne groupoid) associated to a differential graded Lie algebra 
Q. A more detailed discussion could be found in e.g. [2B]- Let fi n be the algebra of polynomial 
differential forms on the standard n-simplex; the collection £1, = {il n }^L forms a commutative 
simplicial differential graded algebra. Note that Q ® Q n has the structure of a differential graded 
Lie algebra. 
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Definition 5.2. For n > set MC n (Q) := MC{Q (g> f2 n ). The simplicial structure on $7. 
determines the structure of a simplicial set on M.C,(Q) := { J MC ri (^)}^_ which will be called 
the Maurer-Cartan simplicial set associated with Q. 

Then the main result of [B] implies that there is a one-to-one correspondence between AiC{Q) 
and ttq(A4C,(G)), the set of connected components of the simplicial set M.C,(Q). Furthermore, 
for a surjective map of differential graded Lie algebras Q — > Q' the induced map A4C,(Q) — > 
MC,{Q') is a fibration of simplicial sets. This is proved (in a more general context for Loo- 
algebras) in [Tlj . 

Finally, using induction up the nitrations of £/i and £2 and comparing the associated towers 
of fibrations of simplicial sets we show that the simplicial sets MC(Gi) and MC{f3<i) are weakly 
equivalent. In particular, their sets of connected components are in one-to-one correspondence. 
This finishes our sketch proof of Theorem 15.11 

Now let V be a graded vector space and m be a Coo-structure on V. Then m is a vector field 
on the Lie algebra L(T,V*). We will denote T,V* by W. Choose a topological basis {xf\i^i in 
W and denote by Q the Lie algebra of vector fields having the form fid Xi , where the /j's 
are (possibly uncountably infinite) sums of Lie monomials in xi of order 2 or higher. Clearly, 
this definition of Q does not depend on the choice of a basis and Q is a formal Lie algebra. 
The Lie group exp(C/°) is the group of formal Lie series whose linear term is the identity linear 
transformation. 

We will view Q as a differential graded algebra with respect to the operator mi, the linear part 
of the vector field m. Denote by Z'{W) and H'(W) respectively, the cocycles and cohomology 
of W with respect to m\. 

Note that Q has a filtration given by the order of a vector field. This filtration is in fact a 
grading and ra\ preserves this grading since a commutator of a linear vector filed and a vector 
field of order n is again a vector field of order n. Therefore the Lie algebra H'{Q) is bigraded. 

Furthermore, direct inspection shows that m — m\ is a Maurer-Cartan element in G, i.e. 
it satisfies equation ()5.1[) . Moreover, two Maurer-Cartan elements are equivalent with respect 
to the action of exp(£?°) if and only if the corresponding Coo-structures are weakly equivalent 
through a formal diffeomorphism / = (/1, ■ ■ ■) of L(W) whose linear part f\ is the identity 
map. Following jHS] we will call such equivalences strict Coo-isomorphisms. 

Let us now fix an integer n > 1 and denote by Q n the quotient of Q by the ideal of vector 
fields having order > n. Using the geometric langauge we say that Q n is the group of germs 
of formal diffeomorphisms of order n. Clearly Q n is a nilpotent differential graded algebra and 
G = hm n Qn- 

Proposition 5.3. The differential graded Lie algebra Q is quasi-isomorphic to its cohomology 
H'(G) considered as a differential graded Lie algebra with trivial differential. 

Remark 5.4. The above proposition says that Q is formal in the sense of rational homotopy 
theory. We refrain from such a formulation, however, since the term 'formal' has a different 
meaning for us. 

Proof. Let Z m (W) be the space of mi-cocycles in W and choose a section of the projection map 
Z'iW) — > H'(W). Then H'(W) could be considered as a subspace in Z'(W) and hence - also 
in W itself. Next, choose a section of the embedding H'(Q) <—* Q. We thus have two maps 
i : H*(Q) Q and j : Q — > H*(Q) such that j o i is the identity on H'{Q). 

Denote by TL the Lie algebra of vector fields on the Lie algebra L(H'(W)) which have order 
> 2. Define the maps i : H — > Q and j : Q — > TL as follows: For / € ft, g G Q,a € L(W) and 
b G L{H'{W)) set 

[*(/)] (°) := io 9°j(a), 
[](9)}(b) :=jofoi(b). 

It is immediate to check that j oi = id-^, i.e. that the Lie algebra W is a retract of £/. Note that 
TL could be regarded as a differential graded Lie algebra with zero differential. We claim that 
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the maps i and j induce mutually inverse homomorphisms between H'(Tt) = TL and H m (Q). 
This will clearly imply the statement of the proposition. 

Denote by L n (?),n = 2, 3, . . . the space generated by the Lie monomials of length n inside 
L(?) and observe that i and j determine and are determined by the collection of maps 

i n : Rom(H'(W),L n (H'(W)) ±3 Hom(V, L n (W)) : j n . 

The functor L associating to a graded vector space the free Lie algebra on it commutes with 
cohomology by |4()j . Appendix B, Proposition 2.1 (this is a consequence of the Poincare-Birkhoff- 
Witt theorem). Since the inverse limit functor is exact on the category of finite dimensional 
vector spaces we conclude that H'(L(W)) = L(H'(W)) and it follows that the maps i n ,j n are 
quasi- isomorphisms for all n = 2, 3, . . . so the claim follows. □ 

Remark 5.5. Note that our proof of Proposition 15.31 actually gives slightly more than claimed. 
First, our proof shows the associated graded to Q is quasi- isomorphic to its own cohomology. 
(This holds simply because the filtration on Q is in fact a second grading.) 

Second, denote by TL n the quotient of 7i by the ideal of vector fields of order > n. Then the 
restrictions of 'formality maps' i and j determine mutually (quasi-)inverse quasi-isomorphisms 
between Q n and 7i n . Invoking again the analogy with rational homotopy theory one can express 
this by saying that the pronilpotent differential graded algebra Q is continuously formal. This 
is an important technical point which is necessary for the proof of the minimality theorem. 

Corollary 5.6. (Minimality theorem) Let (V,my) be a Coo-algebra. Then there exists a mini- 
mal Coo-algebra (U,mu) and a weak equivalence of Coo -algebras {U,mu) — > (V,my). 

Proof. Set U := H'(V) and W := T,V*. Denote, as before, by Q the Lie algebra of vector fields 
on L(W) of order > 2 and similarly denote by 7i the Lie algebra of vector fields on L(H' (W)) 
whose order is > 2. Choosing a basis for representatives of cohomology classes, we will regard 
H*(W) as a subspace in W. A choice of a complement will determine a map of differential 
graded Lie algebras i : 7i — > Q which is a quasi-isomorphism by Theorem 15. 31 It suffices to show 
that i induces a bijection on the Maurer-Cartan moduli spaces 

MC(H)/exp(H°) 4 A4C(£)/exp(£°). 

Indeed, that would mean that any Coo-structure on V could be reduced to a minimal one using 
a composition of a strict Coo-isomorphism and a linear projection V — ► U = H'(V). 

To get the desired isomorphism note that the tower of differential graded Lie algebras TI2 <— 
H3 <— . . . determines a tower of fibrations of simplicial sets M.C,(7i2) <— MC,{7iz) .... Similarly 
we have the tower of simplicial sets M.C m {Q2) <— MC,{Qz) . . . associated with the tower of Lie 
algebras Q2 <— G3 <— . • • . Since Q n is quasi- isomorphic to 7i n for all n we conclude that these 
towers of fibrations are level-wise weakly equivalent. There are isomorphisms 

limMC.(g n ) 9* MC.(g), 

n 

\\mMC.{H n ) = MC.(H) 

n 

and it follows that M.C m {Q) and M.C,{TL) are weakly equivalent simplicial sets. In particular, 
their sets of connected components are in one-to-one correspondence. □ 

Remark 5.7. Theorem 15 . 31 and Corollary 15.61 extend in the context of Aoo and Loo-algebras. For 
Loo-algebras the reference to the Poincare-Birkhoff-Witt theorem is replaced by the fact that the 
functor of S n -coinvariants is exact and therefore commutes with cohomology. For Aoo-algebras 
the corresponding issue never arises and in fact the minimality theorem in the Aoo context is 
true in arbitrary characteristic. 
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6. The Cohomology of Infinity Algebras 



In this section we will define the various cohomology theories for Loo, and Coo-algebras 
that we will use throughout the rest of our paper. There will be quite a number of different 
cohomology theories to be defined. For Aoo-algebras it will be useful to define additional quasi- 
isomorphic complexes computing the cohomology of the Aoo-algebras. For example, this will 
allow us to describe a periodicity exact sequence for ^oo-algebra cohomology. We will also 
prove some other basic facts about Aoo-algebra cohomology which are the infinity-analogues of 
familiar results for strictly associative graded algebras. 

6.1. Hochschild, Harrison and Chevalley-Eilenberg theories for oo-algebras. We will 
begin by defining the cohomology theories which do not involve the action of the cyclic groups. 
These are the theories that control the deformations of oo-algebras, cf. [25> |23] an d |10j . 

Definition 6.1. Let V be a free graded module: 

(a) Let m : ST,V* — ► S'SV* be an Loo-structure. The Chevalley-Eilenberg complex of the 
Loo-algebra V with coefficients in V is defined on the module consisting of all vector 
fields on SY,V*: 

Cce(V,V) := E^DerOSEy*). 
The differential d : C^ E (V, V) -> C^ E (V, V) is given by 

<*(0:=K£]> £€Der(££y*). 
The Chevalley-Eilenberg cohomology of V with coefficients in V is defined as the coho- 
mology of the complex C* E (V, V) and denoted by Lf* E (V, V). 

(b) Let m : TUV* — > TT,V* be an Aoo-structure. The Hochschild complex of the A^- 
algebra V with coefficients in V is defined on the module consisting of all vector fields 
on TT.V*: 

C£och(W :=S- 1 Der(fsi/*). 
The differential d : C' och (F, V) - C' och (F, V) is given by 

d(0 ==["», CI, eGDer(fsy*). 
The Hochschild cohomology of V with coefficients in V is defined as the cohomology of 
the complex C^ och (V, V) and denoted by H^ och (V, V). 

(c) Let m : LY>V* — > LT,V* be a Coo-structure. The Harrison complex of the Coo-algebra V 
with coefficients in V is defined on the module consisting of all vector fields on LT,V*: 

Cn,„(V,V) := S _1 Der^ET^*). 

The differential d : CJ arr (F, V) -> C£ arr (V, V) is given by 

d(Z):=[m,t], eeDer(LSF*). 

The Harrison cohomology of V with coefficients in V is defined as the cohomology of 
the complex C^ WV (V, V) and denoted by H^ avv (V, V). 

Remark 6.2. The purpose of the desuspensions in the above definition is to make the grading 
consistent with the classical grading on these cohomology theories. 

Remark 6.3. The Chevalley-Eilenberg, Hochschild and Harrison complexes all have the structure 
of a differential graded Lie algebra under the commutator bracket [—,—]■ It was Stasheff who 
realised in |48| that on the Hochschild cohomology of a strictly associative algebra this was 
the Gerstenhaber bracket introduced by Gerstenhaber in Stasheff considered the A^- 

structure as a coderivation m : TY>V — > TSV and defined his bracket on Coder(TSy) as the 
commutator of coderivations. If we were to translate this structure directly to Der(TSy*) via 
the contravariant functor of Proposition IA.6I then the induced Lie bracket { — , — } would be the 
reverse of the commutator bracket 

{£,7} = [7,& e,7GDer(fsy*) 
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and the differential would be the map 

£€Der(T£V*), 

however, there is an isomorphism between this differential graded Lie structure and the differ- 
ential graded Lie structure we defined on C^ och (V, V) above given by the map 

£ _ (_i)KI(KI+i)(2|e|+i)/6+l£ ^ G Der(f Sy*). 

Now let us describe the cohomology theories which are dual to the corresponding cohomology 
theories defined above. 

Definition 6.4. Let V be a free graded module: 

(a) Let m : SUV* —> SUV* be an Loo-structure. The Chevalley-Eilenberg complex of the 
Loo-algebra V with coefficients in V* is defined on the module consisting of all 1-forms: 

C' CE (W*) -ZDRh^SZV*). 

The differential on this complex is the (suspension of the) Lie operator of the vector 
field m; 

L m : DRh om (SEV*) -> DR^fizV). 

The Chevalley-Eilenberg cohomology of V with coefficients in V* is defined as the co- 
homology of the complex C£ E (V, V*) and denoted by Hq E (V, V*). 

(b) Let m : TT,V* — * TSV* be an ^oo-structure. The Hochschild complex of the A^- 
algebra V with coefficients in V* is defined on the module consisting of all 1-forms: 

Cuoc^V*) :=ZDRl ss (TZV*). 

The differential on this complex is the (suspension of the) Lie operator of the vector 
field m; 

L m : DRi BB (TEV*) -> DRl ss (fzV*)- 
The Hochschild cohomology of V with coefficients in V* is defined as the cohomology 
of the complex C^ och (V, V*) and denoted by # Hoch (T/, V*). 

(c) Let m : LY>V* — > LSy* be a Coo-structure. The Harrison complex of the Coo-algebra 
V with coefficients in 1/* is defined on the module consisting of all 1-forms: 

C^ T (V,V*):=ZDRl ie (LXV*). 

The differential on this complex is the (suspension of the) Lie operator of the vector 
field m; 

L m : DRl ic (LZV*) -> DRl^LXV*). 

The Harrison cohomology of V with coefficients in V* is defined as the cohomology of 
the complex C£ arr (V,F*) and denoted by H^ ir (V,V*). 

Remark 6.5. Again the suspensions appear in order to keep the grading consistent with the 
classical grading on these cohomology theories. 

Remark 6.6. We did not prove that L m is indeed a differential, however this is obvious from 
Lemma 12. Ill 

2 1 

An = [An; An] = ^I[ m , m ] = An 2 = 0. 

Remark 6.7. Our definition of the Harrison complex implies that in the case of an ungraded 
commutative algebra the zeroth term of the complex is not present. This terminology differs 
slightly from what seems to be adopted in the modern literature (e.g. |34|) in that in the latter 
the algebra itself is considered as the zeroth term (note, however, that in his original paper [22] 
Harrison only defined the 1st, 2nd and 3rd cohomology groups). This distinction is unimportant 
since the zeroth term always splits off as a direct summand. 

Next we will define the bar cohomology of an ^oo-algebra: 
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Definition 6.8. Let V be an Aoo-algebra with ^oo-structure m : TT.V* — > TT.V* . We define 
the map b' as the restriction of (the suspension of) m to C^arC^O := ^ nSi(^^*) 5 



(6.1) 



n~i(sn 



The map b' is a differential on Cg ar (F) and we define the bar cohomology of the ^L^-algebra V 
as the cohomology of the bar complex Cg ar (F) and denote it by H^^V). 

Remark 6.9. We can also define a map b : UZii^*)^ ~» ffiiCSV*)® 4 by identifying 
n^i^^*)®* with the underlying module of the complex C^ och (V,V*). We do this via the 
module isomorphism Oass defined by Lemma 12.161 



(6.2) 



n£i(Ev 



The complex whose underlying module is S f3^ 1 (SF*)®* and whose differential is (the sus- 
pension of) b is by definition isomorphic to the Hochschild complex of V with coefficients in 
V*. 

Now we shall show that the bar cohomology of a unital ^oo-algebra is trivial. 

Lemma 6.10. Let V be a unital A^-algebra with unit 1 £ V. There is a contracting homotopy 
h ■ ^Bar(^) ~~ } ^Bar(^) which is the dual of the map 



©As. 



©As 



DRlJTZV* 



DRaJTZV* 



1 ® X. 



Proof. By Definition 14.11 part (b) the Aoo-structure m : K((r,t}) — > K((t, t)) has the form 

m = 4(t)0 T + ^ J B i (t)3 t . + adr - r 2 c\, 
iel 

where r is dual to the unit 1 £ V. We have the following formula for the map h; 

h(rx)=x, x £ K((r,t)}; 
h(Ux) = 0, xeK((T,t)). 

We calculate 

«//i(tiaj) + /i6'(i;x) = + /i[([r, fc] + Bi{t))x] ± h(Ui/(x)), 

= h(rtix) = tiX. 
b'h(rx) + W/(tx) = b'(x) + /i(r 2 x) - h(rb'(x)), 
= b'(x) + tx — b (x) = TX. 

Similar calculations show that 

b'h(ti) + hb'(ti) = U and b'h{r) + hb'{r) = r. 

therefore 

b'h + hb' = id . 



2S 



□ 



Let V be a unital Aoo-algebra and let r, t be a topological basis of YAf* where r is dual to 
the unit leV, then TT.V* = K((r,t». We say a 1-form a E DR Ass {T Y.V*) is normalised if it 
is a linear combination of elements of the form q ■ dv where v E T,V* and q E K((t)); 

a = ^(t)dr + ^S i (t)dt i ; A(t), B<(t) E K((r, t)). 



We will denote the module of normalised 1-forms by DR Ass (TT>V*). It is clear to see that the 
map 0Ass defined by Lemma 12.161 identifies the module of normalised 1-forms with the module 

sy*®f (sv/k)*. 

Proposition 6.11. Let V be a unital A^-algebra with A^-structure m : TT,V* — > TT,V* . The 
normalised 1-forms Y;TJR Ass (TZV*) form a subcomplex ofC^ och (V, V*) := (t,DR 1 Abb {T'EV*), L m 
Furthermore the subcomplex of normalised 1-forms is a chain deformation retract of C^ och (V, V*). 

Proof. By Definition 14. II the A^-structure m has the form 

m = A(t)d T + B i(t)d ti + adr - r 2 d T . 

We calculate that for all q E K((t}) and i E I; 

L m {q-dti) = [T,q]-dt i + {-l)\i\+ 1 q-d[T,t i ] mod 5flj S9 (fsr), 

= [r,g] • dtj + (-l)l«l +1 q • ([dr,ti] - [r,^]) mod 7Tf? ABB (fXV*), 

= [T,q]-dU + (-l)^[q,t l ]-dT+(-lp[q,T]-dU mod -D^I ss (f HV*), 

= (-l)\i\[q,ti\ -dr = mod DR Abb (TT,V*). 

Similar calculations show that L m (q-dr) E HRass(^ s ^*) for all q E K((t)), hence Z^Ri ss (T£F*) 
is a subcomplex of Ch oc1i (V, V*). 

Let xq, ■ ■ ■ , x n E Sy*, we say that the 1-form 

(6.3) x\ . . . x n ■ dxo 

is i-normalised if x\ . . . Xj E K((t)). A generic i-normalised 1-form is a linear combination of 
z-normalised elements of the form ()6.3|) . Obviously ()6.3j) is n-normalised if and only if it is 
normalised. 

Let 7 be the constant vector field 7 := ld T . Define the map 

Si : DR\ ss (f^V*) -» DR Abb (TEV*) 

by the formula 

Si(xi ...Xi - x i+ i ■ q ■ dx ) := (-l)^ + -- + ^ Xi ^(x i+ i)x 1 ...Xi-q - dx , 

where xq, . . . , Xj+i E T,V* and q E K((t, i}). We define the map 

hi : DR l Ass (TZV*) -» Di&jr 

as /ij := id+L m Sj + SjL m which is of course chain homotopic to the identity. 

We claim that h{ takes z-normalised 1-forms to i + 1-normalised 1-forms. Let x, v E EV*, g E 
K((t, i)) and let p E K((t)) be a power series of order i so that a := pxq ■ dv is an i-normalised 
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1-form. Let mi be the linear part of the ^co-structure m. We will now calculate hi(a): 
hi{a) =a + L m ({— l)^j(x)pq ■ dv) + Si{m(p)xq ■ dv + (-l)' p 'pm(x)g • dv 
+ (-l)\p\+\ x \pxm{q) ■ dv + (-1)M+M+M+Vg ■ dm(v)), 
=a + (-l) M j(x)[m(p)q ■ dv + (-l)^pm(q) ■ dv + ■ dm(v)] 

+ Sj([r,p]g • dv) + (— l)' p ' +1 7(x)mi(p)g • + (— l)^Si(pm(x)q ■ dv) 
+ (-l) |x| 7 (x)pm(g) • dv + (-1)M + \ X \+M +I si(pxq ■ dm{v)), 
=a + ( — l)' p ''y(x)m(p)q ■ dv + r ){x)pm{q) ■ dv + ( — l)' q ' + j(x)pq ■ dm(v) — pxq ■ dv 
+ (— l)' p ' +1 7(x)mi(p)g • dv + (—1)^ Si(pm(x)q • dv) 
+ {-l)\ x ^{x)pm{q) ■ dv + (-l) M+lxl+M+1 Si (pxq • dm(v)), 
=(—\)\ p \^(x)m{p)q ■ dv + (— l)^ +1 ^/(x)pq ■ dm(v) + (— l)^ +1 ^{x)m\{p)q ■ dv 
+ {-l)^ Si {pm{x)q ■ dv) + {-l)^ + \ x \ + ^ +1 Si {pxq ■ dm(v)). 
Suppose that x,v £ t := {ij}j 6 /, then 1)6.4(1 implies that 

hi(a) = (-l)W Si (p[T,x]q ■ dv) + (-l)^ + \ x \ + ^ +1 Si (pxq ■ d[r,v]), 
(6-5) = a + „] . rfr + [pxq, r] • eft;), 

= Q. 

A similar calculation shows that /ij(a) = a when x £ t and v = t. This means that /ij acts as 
the identity on i + 1-normalised 1-forms. 
Now suppose that x = r and v £ t, then 

(6.6) 

hi(a) =(-l)\p\[ T ,p)q ■ dv + (-l)l p lmi(p)g • dv + (-l)^ +1 pq ■ dm(v) + {-l)\ p \ +1 mi{p)q • cfc 



+ (-l)l p l S 



=(-l)l p lrpg 
+ (_i)bK 

+ (-l)W+ 
i-ltWpq 



{pr 2 q ■ dv) + (— l)' p ' + ' 9 'sj(prg • dm{v)) + (i + 1-normalised 1-forms), 



• dt> — a + (— l)' 9 ' +1 pq r • dm{v) + a 
' 9 'sj(prg • dm(v)) + (i + 1-normalised 1-forms), 

• dv + (-l) M+1 pq ■ d[r, v] 

™Si{prq ■ d\T,v\) + (i + 1-normalised 1-forms), 

• dv + (-l) M pqv ■ dr + (-1)' 9 ' \pq, r] ■ dv 

+ (— l)\ q \ +1 pqv ■ dr + (— ly q ' +1 pqT ■ dv + (i + 1-normalised 1-forms), 
=0 + (i + 1-normalised 1-forms) . 

A similar calculation shows that 

hi{a) = mod (i + 1-normalised 1-forms) 

when x = t and v = t. This means that /i, takes i-normalised forms to i + 1-normalised forms 
as claimed. 

We define the map id : DR\ ss (f ZV*) -» TJrJ^TEV*) a s 

H '.= ... o h n o ... o h,2 o h\. 

By the definition of the /i n 's the map if is homotopic to id. Equations 1)6.4)1 . ()6.5|) and 1)6.6)) 
show that id takes 1-forms to normalised 1-forms so H is a well defined map. Lastly equation 
1)6. 5|) shows that id splits the inclusion 



L»i?i ss (rsy*)^L>i?i ss (rEF* 
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so H is the chain homotopy retraction exhibiting DR Ass (TY,V*) as a chain homotopy retract 
of DR\ ss {f Y.V*) that we sought. □ 

6.2. Cyclic cohomology theories. We will now define the cyclic cohomology theories for 
Loo, and Coo-algebras. In [HE] Penkava and Schwarz defined the cyclic cohomology of an 
j4oo-algebra and showed that it controlled the deformations of the Aoo-infinity algebra which 
preserve a fixed invariant inner product. Our approach to defining cyclic cohomology will be 
different however, in that we will use the framework of noncommutative geometry. 

Let V be a profinite graded module. We say q(t) € TUV* vanishes at zero if it belongs to 
the ideal T,V* ■ TT,V* of TYtV* , i.e. the power series q(t) has vanishing constant term. 

Definition 6.12. Let V be a free graded module: 

(a) Let m : SY,V* — > SY,V* be an Loo-structure. The cyclic Chevalley-Eilenberg complex 
of the Loo-algebra V is defined on the module of 0-forms vanishing at zero; 

CC£ E (1/) := £ \{q € DR^ om (SZV*) : q vanishes at zero} . 

The differential on this complex is the restriction of the (suspension of the) Lie operator 
of the vector field m; 

L m : DR° Com (SZV*) - DR° Coia (SEV*) 

to CCq E (V). The cyclic Chevalley-Eilenberg cohomology of V is defined as the coho- 
mology of the complex CCq E (V) and is denoted by HCq E (V). 

(b) Let m : TUV* — > TTiV* be an Aoo-structure. The cyclic Hochschild complex of the 
j4oo-algebra V is defined on the module of 0-forms vanishing at zero: 

^^Hoch(^) : = s \{Q € DR° Ass (TEV*) : q vanishes at zero} 

The differential on this complex is the restriction of the (suspension of the) Lie operator 
of the vector field m; 

L m : DR° Ass (f £F*) -» DR° Ass (f 

to CCft och (V). The cyclic Hochschild cohomology of V is defined as the cohomology of 
the complex CC^ och (V) and is denoted by HC^ och (V). 

(c) Let m : LHV* — * LTiV* be a Coo-structure. The cyclic Harrison complex of the Coo- 
algebra V is defined on the module consisting of all 0-forms: 

CC^ rr (V) := XDRl^LVV*). 

The differential on this complex is the (suspension of the) Lie operator of the vector 
field m; 

L m : DRl ie (LZV*) -» L»< e (XEF*). 
The cyclic Harrison cohomology of V is defined as the cohomology of the complex 
CC^ V (V) and is denoted by HC^JV). 

Remark 6.13. Note that a consequence of the above definition is that the cyclic Chevalley- 
Eilenberg complex is just the Chevalley-Eilenberg complex with trivial coefficients. 

It will be useful for the purposes of the next section to describe equivalent formulations for 
the cyclic cohomology of an Aoo-algebra. For this we will need the following lemmas: 

Lemma 6.14. Let V be an A^-algebra and consider the maps b' and b defined by diagrams 
(|6.1|) and 1)6. 2 Jl respectively: 

(i) 

bN = -Nb'. 

(ii) 

b'(l-z) = -{l-z)b. 
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Proof. 

(i) This is a tautological consequence of Definition 16.81 Lemma 13.11 and Lemma 12.111 part 
(v). 

(ii) Let x G Y.V* and y G (S^*)® n for n > 0: 

b'(l — z)xy = b'([x, y]) = [m(x), y] + (— I)' 11 ' [x, m(y)]. 
(1 - z)b(xy) = (1 - 2)9^ fa 1 s L m (dx • y), 

= -(1 - ^e^CdmCa:) • y) - (-l)M(l - ^^(d* • m(y)). 
By a calculation similar to that of equation ()3.3[) we could deduce that 
0^(d(a;i<8> . . . ®Xi) ■ y) = (1 + z + . . . + z <-1 ) • xi® ...®Xi-y 
and since (1 — z)(l + z + . . . + z % ~ 1 ) = 1 — z % we use equation (j3.2|) to conclude that 

(1 - z)b(xy) = - ([m(x),y] + (-1) N [ar, m(y)]) , 
therefore 6'(1 — z) = — (1 — z)b as claimed. 

□ 

We can now define a new bicomplex computing the cyclic cohomology of an ^loo-algebra: 

Definition 6.15. Let V be an ^^-algebra and consider the maps b' and b defined by diagrams 
(|6.1|) and (|6.2|) respectively. The Tsygan bicomplex CCxsygan^) is the bicomplex; 



n~i( E ^*) 8< — (s a=i(^*) 0i nZi&v*) 



N 



1-z 



An element has homogeneous bidegree if it is in the ith column from the left (where 

the leftmost column has bidegree (0, •)) and has degree j in the graded profinite module 



homology of the 



The Tsygan cohomology of the ^oo-algebra V is defined as the total co- 
aicomplex CC" (V) formed by taking direct sums, that is to say that it is 



the cohomology of the complex 

n£Z \ i+j=n 

where C y is the component of CC" ygan (y) of bidegree (i,j). 

Remark 6.16. Note that the odd numbered columns are copies of the Bar complex Cg ar (y) 
whilst the even numbered columns are isomorphic to the Hochschild complex C^ och (V, V*). 

Remark 6.17. Since the underlying module V is Z-graded, the direct product totalisation of the 
Tsygan complex might a priori lead to different cohomology. The direct product totalisation 
has the advantage that the Tsygan cohomology defined in this way is homotopy invariant in the 
sense that two weakly equivalent Aoo-algebras will have isomorphic Tsygan cohomology. This 
follows easily from the standard spectral sequence arguments (which fail for the direct sum 
totalisation). On the other hand, our definition is clearly homotopy invariant for minimal A^- 
algebras since in this case a weak equivalence implies an isomorphism. We will see later on that, 
rather surprisingly, our definition turns out to be homotopy invariant after all for Coo-algebras. 
This is a consequence of the Hodge decomposition for the cyclic cohomology of a Coo-algebra. 

Remark 6.18. It is also possible to define a Connes and a normalised Connes complex gener- 
alising the construction of the Connes and normalised Connes complex for strictly associative 
algebras described in 2.1.7 and 2.1.9 of [HI]- This is done using Lemma I6.1UI and Proposition 
16. Ill in exactly the same manner as it is performed in |34J. 

Let us now show that Tsygan cohomology computes the same cohomology as cyclic Hochschild 
cohomology which we defined earlier: 
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Lemma 6.19. Let V be an A^-algebra: 

(i) The map b' : UZi&V*)®* ~* UZii^*)^ defined by diagram dD} lifts uniquely to a 



map 

oo 

b' : \\ ((£F*) C 

i=l , I 

This gives rise to the following identity: 

' oo 



oo 

n (w* 



CC^ och (V) = s 



i=l 



(ii) There is a quasi-isomorphism of complexes 



i=l 



which is given by mapping E 

oo 

.4 = 1 



oo 

IJ(sv*; 



onto f/ie leftmost column of CC" sygan (V) 



Zi 



.i=i 



Proo/. 

(i) Recall that 

DR° Ass (TT,V*) = T1W* /[TYV* ,TYV*}. 

The claim then follows tautologically from equation (J3.2j) and the definitions. 

(ii) This map is a quasi-isomorphism because 



is a resolution of ( S 



n^i ((srr^ 



,6' . 



□ 



Following Lemma 16.1 91 we will denote the cohomology of the Tsygan complex by HC^ och (V). 
We will now describe the periodicity long exact sequence linking Hochschild cohomology with 
cyclic cohomology: 

Proposition 6.20. Let V be a unital A^- algebra, then we have the following long exact sequence 
in cohomology: 



B 



hc^JV) HC£ och (v) — U # Soch (y, v*) /rcg-* (v) 



Proof. There is a short exact sequence of complexes 
— 



z- 2 cc? sygan (v) -L+ cc-; ygan (F) _ ^ cc{2}» ygan (y) 



where CC{2}" ygan (V) is the total complex of the first two columns of CC" ygan (V); 



CC{2}£ ygan (F) := £ n£i(SF* 



,61 — (E 



By Lemma lfi.lOl the second column of CC{2}" ygan (y) is acyclic, so CC{2}" ygan (^) is quasi- 
isomorphic to its first column which is just the complex C^ och (V, V*) by Remark 16.91 The long 
exact sequence in cohomology of the proposition is derived from the above short exact sequence 
of complexes. □ 
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Remark 6.21. We can describe the connecting map 

B : m och (V,V*) ^ HC^ h (V) 
more explicitly as follows: First of all as mentioned in Proposition 16.201 the projection 



vr : CC{2}£ ygan (F) - £ 



of CC{2}" rean (7) onto the first column is a quasi-isomorphism. A simple check reveals that 
this map has a section (and hence a quasi-inverse), 



i=l 



CC{2} Tsygall (V) 



which is defined as follows; 



x -/i(l - z)[x]; 



where /i : n*i( sv *) 8i ~* EK^iC^*)®* is the contracting homotopy of Lemma KHUl It follows 
from the definitions and a simple check that the connecting map B is the map induced by the 
following map of complexes: 



(6.7) 



n^iCsv*)®* 



,b 



— /i(l — z)[x 



A similar check also shows that the map / : HC^ och (V) — ► H^ och (V, V*) is the map induced 
by the following map of complexes: 



n=i ( (sn 

X 



iEi(sn 

N ■ x. 



b), 



7. The Hodge Decomposition of Hochschild and Bar Cohomology 

In this section we will be concerned with constructing the Hodge decomposition of the 
Hochschild and bar cohomology of a Coo-algebra. Given a Coo-algebra V we will construct 
both the Hodge decomposition of the Hochschild cohomology of V with coefficients in V* as 
well as the Hodge decomposition of the bar cohomology of V . 

The Hodge decomposition of the Hochschild (co)homology of a commutative algebra has 
been described by many authors such as ^3], [33J §4.5, §4. 6] and [SHI- Our approach will be 
to determine a Hodge decomposition for Coo-algebras and this will naturally include a Hodge 
decomposition of the Hochschild cohomology of a commutative algebra. Our results however are 
more than just a mere generalisation of the results contained in |34| and |3j)]. Considering the 
Hodge decomposition in the broader perspective of Coo-algebras leads us to use the framework 
of noncommutative geometry. This is a very natural setting in which to construct the Hodge 
decomposition and leads to a much more conceptual approach and results in a streamlining of 
the calculations. The pay off is that we are able to obtain new results, even for the Hodge 
decomposition of commutative algebras. 

Let W be a profinite graded module. For the rest of this section we will denote the canonical 
associative multiplication on TW by [i. The cocommutative comultiplication (shuffle product) 
on TW defined by Remark IA. 181 will be denoted by A. This gives TW the structure of a Hopf 
algebra. 

The Hodge decomposition will be constructed from a spectral decomposition of an operator 
which we will refer to as the modified shuffle operator and which we will now define. The original 
'shuffle operator' was used in and |36| and seems to have originally been introduced by Barr 
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Definition 7.1. Let W be a profinite graded module. The modified shuffle operator s is defined 
as 

s := fiA : f W -> TO 

We denote its components by 

s n : W® n -» W® n . 

We also define a second operator s : IJi=i VK®* — > n£=i W^® 4 by the commutative diagram; 

n,=i w®* — ^ n*i w®' 

We denote its components by 

s n : W® n+1 -» W r ® n+1 . 

Next we will define a filtration of TW which comes from the observation TW = IA{LW). 
This will assist us in our calculations later: 

Definition 7.2. Let If be a profinite graded module. The increasing filtration {F p (TW)}'^Lq 

of TW is defined as follows: F P (TW) is defined as the submodule of TW which consists of all 
(possibly uncountably infinite) linear combinations of elements of the form 

91 ■■■9i, 

where gi,...,gi G LW and < i < p. By convention Fq(TW) = K. 

Remark 7.3. Note that this filtration is not exhaustive but that W® n C F n (TW). Also note 
that this filtration is preserved by the modified shuffle operator s. This follows from the fact 
that LW consists of primitive elements of the Hopf algebra (TW, /x, A). 

Now we will determine the spectral decomposition of the modified shuffle operator s. We 
will do this by exhibiting a certain polynomial that annihilates it. Let us define the polynomial 
v n (X) E Z(X) for n > by the formula 

n 

(7.1) u n (X):=H(X-X i ), \:=2\ 

i=0 

Lemma 7.4. Let W be a profinite graded module. For all n > 0; 

n 

v n {s n ) = JJ(«n - Aj id) = 0. 

i=0 

Proof. Let us prove the following equation: 

(7.2) s n (x) = X p x mod F p ^(TW), for all x G F p {TW) n W^ n . 

Since the modified shuffle operator s preserves the filtration, we may assume that x is a linear 
combination of elements of the form g\. . .g p where g\ £ LW. 
We calculate that for all g\, . . . ,g p G LW; 

s n (gi ■■■9 P ) = • • -9 P ), 

= /i [( 5l (g)l + . . . (g p ®\ + l®g p )} , 

= 2 p gi ...g p mod Fp_i(7W). 
The last equality follows since by using commutators we can transform 

H [(gi®l + l&gi) . . . (g p ®l + l®g p )] 

into 2 p gi . . . g p . By definition, these commutating elements are in F p _\(TW). This calculation 
implies equation (|7.2j) from which the lemma follows as a trivial consequence. □ 
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Remark 7.5. Note v n (X) is not the minimal polynomial for s n . The minimal polynomial of s n 
was constructed in jT3| but will not be necessary for our purposes. 

Definition 7.6. Let W be a profinite graded module. We define a family of operators 

e(i) : TW 2W, i > 0; 
en(») : W® n -» W® n ; 

as the Lagrange interpolation polynomials of the operator s n : 



e n (i) := < 



0<r<n 



-1 



Yl (s n — A r id) , < i < n; 

0<r<n 



i > n. 



We also define a family of operators 

oo oo 

e(i): JJW®*-> JJW®* , i>0 

by the commutative diagram 



i=l 



i=l 



^ l®e(i) ^ 

W®TW > W®TW 



and denote their components by 



e n (i) : W { 



g(i) 



Lemma 7.7. Xei W be a profinite graded module. We have the following identities: 



(a) 




= A e n (0) + 


(a*) 


S = 




(b) 


id n 


= e n (0) + . 


(b*) 


id = 


= E l =o e W- 


(c) 


e„(' 


) ° e„(j) = 


(c*) 


e(i) 


o e(j) = <^ 



, % + 
e[i) , i = j; 

, Mi- 



Proof, (a), (b) and (c) are a formal consequence of Lemma 17.41 Since we assume that our 
ground ring K contains the field Q and since the polynomial v n (X) G Z(X) defined by equation 
(|7.1j) annihilates s n and has no repeated roots, elementary linear algebra implies that s n is 
diagonalisable. The map e(i) is the projection onto the eigenspace 



{x G TW : s(x) = Aix}. 
(a*), (b*) and (c*) are trivial consequences of (a), (b) and (c) respectively. 



□ 



Remark 7.8. Since e(i) := l<8>e(i), the same identities hold when we replace e(i) with e(i), s 
with s and id n with id n +i in the above Lemma. 

We want to use the spectral decomposition of the modified shuffle operator s to construct a 
decomposition of the relevant cohomology theories. For this we need the following lemma: 

Lemma 7.9. Let V be a Coo-algebra and consider the maps b' and b defined by diagrams (|6.1|) 
and (|fi,2[) respectively. Also consider the maps s,s : — > J|^ 1 (Sy*)®* defined in 
Definition \7.1\ We have the following identities: 
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(i) 

s o b' = b' o s. 

(ii) 

s o b = b o s. 

Proof. Let m : LT,V* — * LT,V* be the Coo-structure on V. Recall from Remark 14.41 that this 
could be considered to be an ^^-structure m : TT,V* — ► TY>V* which is also a Hopf algebra 
derivation of the Hopf algebra (TY,V*, jx, A): 

(i) This is just a trivial consequence of the definition of b' and the fact that m is a derivation 
of the Hopf algebra (TEV*,ix, A): 

(7.3) fiAm = )u(m(g)l + l<E>m)A = mfj,A. 

Since b' is the restriction of m to we obtain s o b' = b' o s 

(ii) Let 9 Ass : UZii^*)^ ~> ^Ass^ 5 ^*) be the module isomorphism we defined in 
Lemma EH Let x £ SI/* and y £ (£y*)® n for n > 0; 

6s (xy) = b(xs(y)) = Q A l s L m (dx ■ s(y)), 

= - & Ms( dm ( x ) ' s (y)) - i.- 1 )^ 30 ■ sm{y). 
where the computation of the last term follows from equation (|7.Hjl . Furthermore; 
sb(xy) = s0^l s L m (dx ■ y), 

- -sQ^l s (dm(x) ■ y) - (-l)^x ■ sm{y). 

We would like to show that given any u £ LT,V* and w £ TT,V* we have the following 
identity: 

(7.4) Q A 1 Jdu-s(w))=seil s (du-w). 

Since m maps T,V* to LT,V* it will follow from equation (|7.4j) that s o b = b o s. Since 
LST/* is generated by Lie monomials and 1)7.4(1 is a tautology for a Lie monomial u 
of order one (i.e. u £ SI/*), we can proceed by induction and assume there exists 
u\,U2 £ LY>V* such that it = [ui,^] and such that (|7.4|) holds for ui and U2: 

du ■ s(w) = d[ui,U2] • s(w) = [du\, u^] ■ s(w) — (— l)l Ml H M2 [du2, u%] ■ s(w), 

= d Ul ■ [u 2 ,s(w)} - {-l)\ U ^du 2 ■ [U!,S(W)}. 

du ■ w = d[ui, U2] ■ w = du\ ■ [u2,w] — (— l)' M1 "" 2 '<i«2 ■ [ui,w]. 
By the inductive hypothesis we obtain; 

§@ll s (du ■ W) = Se^ s (d Ul • [U 2 ,W]) - (-1)1^11^1^(^2 • [U!,W]), 

= A l s (d Ul ■ s([u 2 ,w})) ~ (-l) 1 " 1 "" 21 ®^^ • s([ Ul ,w]))- 

In order to complete the proof we will need one final auxiliary calculation. Recall 
that LTiV* coincides with the Lie subalgebra of primitive elements of the Hopf algebra 
(fsy*,/i,A). Let a £ LY,V* and b £ TUV*; 



(7.5) 



s([a, b]) = /x[a<g>l + l<g>a, Ab], 

= /x(a<g>l • Ab - (-l)l a ll 6 l Ab ■ l®o) + /i(l®a • Ab - (-l)l a ll fe l Ab • a<g>l), 
= a ■ fiAb - (-l)^fiAb ■ a - 0, 
= [a, s(b)]. 
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Finally we can establish equation (|7.4|) and hence conclude the proof: 

Q A l s (du ■ s(w)) = e A l s (d Ul ■ [u 2 ,s(w)\) - (-1)1*16^(^2 • [ Ul ,s(w)]), 

= e A l s (d Ul ■ s([ U2 ,w])) - (-i)MWe^(d« 2 • s([ Ul ,w})), 

□ 

Corollary 7.10. Let V be a Coo-algebra and consider the maps 

oo oo 

e(i),e(t) : JJ(SF*)®* -> JJ(SV*)^ 

i=l i=l 

defined by Definition \ 7. 6] We have the following identities: 

(i) For alli>\, 

e(i) o b' = b' o e(i). 

(ii) For all i > 0, 

e(i) o b = b o e(i). 

Proof. This is just a formal consequence of Lemma f7.9l and Lemma f7.7l e(i) is just the projection 
onto the eigenspace 

oo 

{x G JJfSV*)®* : s(x) = X lX ) 

i=l 

whilst e(i) is the projection onto the eigenspace 

oo 

{x € JJ(EV*)®* : s(x) = X iX }. 
i=i 

Lemma f7,9l then tells us that b' and b preserve these eigenspaces respectively and hence commute 
with the projections e(i) and e(i) respectively. □ 

We are now in a position to state the main theorem of this section; the Hodge decomposition 
of the Hochschild and bar cohomology of a Coo-algebra: 

Theorem 7.11. Let V be a Coo-algebra: 

(i) The bar complex Cg ar (F) of the Coo-algebra V splits as the direct product of the sub- 
complexes e ( e(i) rn=i(^^*) ( 



CSar(V r )=n E e « 



i=l 



(ii) T/ie Hochschild complex of the Coo-algebra V with coefficients in V* splits as the direct 
product of the subcomplexes 



c£och(v;n=n E g w 



i=0 



[J(SF*)« 



i=l 



Proof. 



(i) This is just a trivial consequence of Lemma 17.71 and Corollary 17.101 Lemma 17.71 tells us 
that the module n?-^!^^*) 18 * splits as a product of submodules; 



i=l 



i=l 



Corollary I7.1UI part (i) tells us that when we equip J|^ :1 (Sy*)®* with the differential 
b', the modules e(i) UZi( EV *)^ are actually subcomplexes of (UZiiZV*)®* , &') . 
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(ii) Lemma 17771 tells us that the module nSiC^^*)® 1 s P n ts as a product of submodules; 



i=0 



[J(sv* 



i=l 



Corollary 17.101 part (ii) tells us that when we equip n£i(^^*)®* with the differential 
UZi^V*)®*} are actually subcomplexes of (UZi&V*)®' ,b) . By 



b the modules e(i) 
Remark 16.91 the complex CJ och (V, V*) is isomorphic to IE nSi(^^* 



□ 



Definition 7.12. Let V be a Coo-algebra. We will define the complex C[-i]^ och (V, V*) as the 
subcomplex of CJ och (V, V*) given by the formula; 



Cm och (V,V*) := E e(i) 



i=l 



,M , * > 



and denote its cohomology by J?[i]g oc b(V, V*). 

Let Z : Di?^ ie (LEy*) ^ Di^ s (TEV*) be the map defined by equation (j27SJ). Suppose that 
V is a Coo-algebra, then by Lemma 13.41 we see that Z is a map of complexes; 

z:cs arr (y,n^cH- och (y,n. 

We shall now show that this map is in fact split: 

Proposition 7.13. Let V be a Coo-algebra. There is an isomorphism 

c^ vv (v,v*) = c[i]- Hoch (v,v*). 

In particular the map I : Cy arr (V, V*) — > C^ och (V, V*) is split. 
Proof. We shall show that 



(7.6) 



e(l) 



i=l 



lev* 



The proposition will then follow as a simple consequence of this. Since the Lie monomials 
generate the Lie subalgebra of primitive elements of the Hopf algebra (TEV*, fi, A) we have; 



LEV* C {x G JJ(EV*)®* : s(x) = 2x} = e(l) 



i=l 



.i=l 



To prove the converse we consider the filtration {F p (TTiV*)}^L of TEV* defined by Defini- 
tion 17.21 Let x G T p (TEV*) and suppose that s(x) = 2x, then by equation l|7.2|l : 

2x = s(x) = 2 p x mod F p _i(f EV*) 

It follows that if p > 1 then x G T p _i(TEV*). By induction on p we conclude that x G 
Fi(TEV). Equation (JTSJ) now follows from the fact that (EV*)® n C F n (f EV*) and from the 
identity 

Ti(TEV*) = K © LEV*. 

Equation (J7.6|) implies that 



g(l) 



n(Ev 



i=l 



EV*®LEV*. 



We see from diagram Ij3.9|) that we have the following identity: 



(7.7) 



DRl ie (LZV*)\ = 9 Ass e(l) 
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[J(EV*)« 



i=l 



It follows that 6 A g S o I is an isomorphism between CJ arr (V, V*) and C[l]H OC h(^> ^*) anc ^ that ^ 
is split. □ 

Remark 7.14. Given a Coo-algebra V with Coo-structure m it is also possible to construct 
a Hodge decomposition of the Hochschild cohomology of V with coefficients in V. We will 
describe it briefly here. Choose a topological basis of T,V*. One introduces the operator 

*:^ och (y,y)-cs och (y,y)as 

s(0 := £ ^(ti)d u , £ G Der(f SI/*); 
iel 

which is obviously defined independently of the choice of basis. It is then possible to show, using 
equations 17.31 and 17.51 that this operator commutes with the differential d := adm. It follows 
that the differential d preserves the eigenspaces of the operator s and these eigenspaces can be 
identified using Lemma l7~71 in the usual way to give the Hodge decomposition of C^ och (V, V). 
In particular it is possible to show that the Harrison complex C£ (V, V) splits off of the 
Hochschild complex C^ och (V, V). 

8. The Hodge Decomposition of Cyclic Hochschild Cohomology 

In this section we will build on our results from the last section to construct the Hodge 
decomposition of the cyclic Hochschild cohomology of a Coo-algebra. Recall that in section HO 
we defined two quasi-isomorphic complexes CC^ och (V) and CC" ygan (V) which compute the 
cyclic Hochschild cohomology of an ^Loo-algebra. We will describe a Hodge decomposition for 
both of these complexes based on the spectral decomposition of the modified shuffle operator s 
and show that the quasi- isomorphism defined in Lemma 16. 191 respects this decomposition. 

In order to apply the work we carried out in section [7| to the cyclic complexes, we will need 
to prove the following lemma: 

Lemma 8.1. Let W be a profinite graded module and consider the maps 

oo oo 

s,s : ]JW &i JJW®* 

i=l i=l 

defined in Definition \7. 1\ We have the following identities: 
(i) 

2s o N = N os. 

(ii) 

s o (1 — z) = (1 — z) o s. 

Proof. 

(i) Let 9 A ss : UZi w ^ ~* DR Ass(TW) be the map defined by Lemma EH and let 

ii : W Ass (fw)®V Ass (TW) - n As8 (T W) 
be the multiplication map (j,(x<g>y) := x ■ y. Let «j := (— l)(pd+-"+l*i-il)(F»l+-"+l a; n|) an d 
let x := xx® . . . ®x n G W® n ] 

/ n \ 



sN(x) = S Oti x i® ■ ■ ■ ®X n (kiXl® . . . (k>Xi_i 



\i=l 

n 



^ aiXi®ji/S.(xi + i® . . . ®x n ®x\® . . . 



i=l 



Ns(x) = eildnA(x), 

= @ A l s fi(d®l + l(8)d)[(zi(8)l + l®xi) . . . (x n ®l + l®x n )]. 
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Now eftgil and l(g>d are derivations on the algebra Q\ ss (TW)®Q° Ass (TW) , therefore 



(8.1) 



El +...+ a;i_i| 



(xi®! + l(g)xi) . . . (dxi<S)l + ltgxixj) . . . (x n <g>l + l<g>x n ) . 



.i=l 



We will need the following auxiliary calculation in order to complete the proof: Let 
u,v,wenXJTW); 

fj,[(u®l + l<g>«) • (v®w)] = ii{uv®w + (-l)\ u ^v(&uw), 

= uvw + (-1) 1 " 11 ' 1 ™. 
Im[(v®w) ■ (u®\ + l®u)\ = fj,((-l)^ w ^vu<E)w + v<S)wu), 

= (-l)^'^vuw + VWU. 

We see that 

H ([u<g)l + l<g>u, v®w]) = [u, fi(v(g)w)} = mod [n\ ss (TW),n' Ass (TW)}. 

Let Pi := (— i)(l 3: »l+ 1 )(l a:: il+---+l a; »-il+l :c i+il+---+l 3:: «l). Applying the preceding calculation 
to equation (|8.1|) yields; 



N S (x) =ex s V 



ai(dxjfgil)A(a;i + i) . . . A(x n )A(xi) . . . A(xj_i) 



+ ©Ass/" «iAA(x i+ i) . . . A(x n )A(xi) . . . A(x l - 1 )(mdx i 
J=i 

n 

ajdxj • (j,A(xi + i® . . . <S>x n <g>xi<g> . . . (g)Xi-i) 

n 

aif3i/iA(x i+ i<§ . . . <g)x n ®xi® . . . <8>£j_i) • dxi 



Ass 



+ e 



i=i 



--2 V] a i x i <§ifj J A(xi + i'S> . . ■ ®x n 



lXi-l), 



i=l 



□ 



=2sN(x). 

(ii) Let x EW and y G W® n for n > 0: From equation (|7.5j) we see that 
s(l - z)(xy) = s([x, y]) = [x, s(y)] = (1 - z)s(xy). 

Corollary 8.2. Let W be a profinite graded module and consider the maps 

OO oo 

e(i),e(i) : JJW®*-* JJW^ 

i=i i=i 

defined by Definition \7.b\ 

(i) For all i > 0, 

e(i) o N = No e (i + 1). 

(ii) For all i > 1, 

e(i) o (1 — z) = (1 — z) a e(i). 

Proof. This is just a formal consequence of Lemma IS.ll and Lemma 17.71 e(i) and e(i) are just 
the projections onto the eigenspaces 

oo oo 

{x G JJ W®* : s(x) = A;x} and {x G W®* : S(x) = A;x} 



i=i 
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respectively (where \ := 2'). 

Part (ii) follows immediately from part (ii) of Lemma 18.11 and part (i) follows from part (i) 
of Lemma 18. II and the observation Aj+i = 2Aj. □ 

We are now in a position to construct the Hodge decomposition of cyclic cohomology: 

Theorem 8.3. Let V be a Coo-algebra: 

(i) The cyclic Hochschild complex CC^ ocil (V) splits as a direct product of the subcomplexes 

E (e(i) 



CC' Hoch (V) = n ( E ( e(i) 



i=i 



,t=i 



n 



,6' 



(ii) Let Qj and Qi denote the modules 



E e(i) 



i=l 



and E e(i) 



i=l 



respectively. The Tsygan bicomplex CC" sygan (V) splits as a direct product of subcom- 
plexes, 



CC" sygan (V) — JjTj; 



i=0 



where I 1 , is the subcomplex, 



:= (Q i; 6) — (Qi, &') — (Qi-i, b) — (Qi-i, 6') - 



Proo/. 

(i) Part (ii) of Corollary EJ tells us that the maps e[i) : UZi&V*)® 1 ~> UZi(^ V * 
could be lifted uniquely to maps on the module of coinvariants; 



i=i 



e(i) : J] [(EV*f 
i=l 

By Lemma Id. 191 we know that 

cc Uoch {v) = f s f n (&vy 



i > 1. 



u=l 



2i 



By Lemma 17,71 and Lemma 17.91 we see that this complex splits as a direct product of 
subcomplexes: 



E m((EV 



\i=l 



Zi 



M =n S (e(i) 



i=l 



n (sn° 



.4 = 1 



(ii) Lemma 17771 tells us that the bigraded module CC" sygan (V) splits as a direct product of 
bigraded submodules 

CO 

CC% sygaa (V) = l[T i . 

i=0 

Corollary 18 . 21 tells us that the operators (1 — z) and N restrict to maps 



N : e(i + 1) 



l-z): i i) 



=i 

CO 

Y[(£V* 



i=l 



g(t) 



em 



H(EF*) 

=i 

oo 

JJ(EF* 
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Combining this with Lemma 17.91 we conclude that each Tj is actually a subcomplex of 
^^Tsygan^) whence the result. 

□ 

Remark 8.4. Note that since the bicomplex CC" ygan (V) splits as the direct product of the IYs, 
where the latter are bicomplexes located within vertical strips of finite width, it follows that 
both spectral sequences associated with CC" sygaa (V) converge to its cohomology. In particular, 
it implies that HC^ och (V) * s homotopy invariant. 

Remark 8.5. Recall that in Remark 16.181 we asserted the existence of a normalised Connes 
complex computing the cyclic cohomology of a unital ^loo-algebra V. It is possible to construct 
a Hodge decomposition of this complex using Corollary 18.21 to obtain an extension of Theorem 
4.6.7 of [HI] for unital Aoo-algebras. 

Remark 8.6. Let q : CC^ och (V) — > CC" (V) be the quasi-isomorphism defined by Lemma 
16. 191 part (ii). Corollary 18.21 part (i) implies that q respects the Hodge decomposition of these 
complexes, that is to say that for all i > it restricts to a map, 



£ e(t + 1) 



,i=l 



,b' ^rv 



In particular, the Hodge decomposition of CC^ och (V) and the Hodge decomposition of CC" ygan (y) 
agree on the level of cohomology. 

Definition 8.7. Let V be a Coo-algebra. We will define the complex CC[i\^ och (y) as the 
subcomplex of CC^ och (V) given by the formula; 



CC[i]- Uoch (V) := IS I e(i + 1) 
and denote its cohomology by HC[i]^ och (V). 



[J ((sv*^' 

.1=1 



Zi 



,b'\, i>0 



We will now describe how the Hodge decomposition splits the long exact sequence of Propo- 
sition OB 

Proposition 8.8. Let V be a unital Coo-algebra. The Hodge decomposition of the Hochschild 
and cyclic Hochschild cohomologies respects the long exact sequence of Provosition U).2(A that is 
to say that for all i > we have the following long exact sequence in cohomology: 

■ ■ ■ nc[(\£L(Y) —2. hc\i + i]£ och (v) — H[i + i] Hoch (y, v*) ^— HC[i\^ h (v) .... 

Proof. It is a simple check using the definitions of the maps / and S (cf. Remark l6.21|) and the 
Hodge decompositions to see that / and S respect the Hodge decomposition as claimed. It only 
remains to prove that the map B restricts to a map 

B:H[i + l] n Hoch (V, V*) - HC\i]^ h (V). 

By Proposition 16. 11| every cocycle in CJ och (V, V*) is cohomologous to a normalised cocycle. 
Let x be such a normalised cocycle, i.e. x £ SV*(8>T(SV/K)* and b(x) = 0: It follows from 
figure 1(577)1 that 

B{x) = -h(l - z)[x] = -h(x). 
Clearly e(i + l)[x] is still normalised so; 

B{e(i + l)[x]) = -h{e(i + l)[x]), 
= -e(i+ l)h(x); 

hence the image of B lies in HC[i]^ h {V) as claimed. □ 
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Let V be a Coo-algebra and consider the map I : DR^LZV*) -> DR^TZV*) denned by 
equation (|3.5j) . By Lemma 13.41 this is a map of complexes, 

i ■ cc^iv) - cc£ och (n 

We shall now show that this map is in fact split: 

Proposition 8.9. Let V be a Coo-algebra. There is an isomorphism 

In particular the map I : CC^ aTT (V) — » CC^ och (V) is sp/ii. 
Proof. We shall establish the following identity: 



1.2) 



I 



DRl ie (LXV*] 



e(2) 



i=l 



The proposition will then follow as a result. 
Consider the following commutative diagram: 











(2)[n,=i((sv*p). 



A? 



«(i)[n^i(sv*)**] 



ngi(sv*) 8< 



L>f^ ie (L£F* 



DRl^LXV*) 











d(OK° ie (LSy*)) 







where &^l s denotes the map induced by Qj^ s by composing it with the relevant projection. It 
follows from Lemma 17.71 and Corollary 18 . 21 that the top row is exact and it follows from Lemma 
12.181 that the middle and bottom rows are also exact. Lemma 13.11 and Lemma 13.21 imply that 
the right column is exact whilst equation (|7.7[) implies that the middle column is also exact. It 
follows from the 3 x 3-Lemma that the left column is exact which in turn implies (|8.2jl and this 
proposition. □ 

Let V be a Coo-algebra. By Remark |4.6l it has the structure of a complex given by a differential 

mi : V -» V 

and of course the dual V* has the structure of a complex given by the dual of the map fh\. 
We will denote the cohomology of this complex by H'(V*). We will now use the results of this 
section to prove the following important result: 

Lemma 8.10. Let V be a Coo-algebra. We have the following long exact sequence in cohomol- 
ogy: 



B 



H n ~ 2 (v*) HC^iy) -U h^v, v*) — H n -\v 



n— 1 fsr* \ *~ 
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Proof. This follows from setting i = in the long exact sequence of Proposition ^. 81 Proposition 
l?~lTfl allows us to identify H[l]^ och (V,V*) with H^ aiv (V,V*) whilst Proposition IO allows us to 
identify HC[l]' Hoch (V) with HC^jV). 

It follows from Lemma 1X11 part (i) and equation Q7.6JI that 



CC[0]' Koch (V) = £ e(l) 



,6' =(^*,mi); 



n {^ v *y 

li=l 

where mi is the linear part of the Coo-structure on V. The result now follows. □ 



Remark 8.11. Suppose now that V is a strictly graded commutative algebra (in which case it is a 
Coo-algebra). In this case there is a bigrading on C^ arr (V, V*) and CC^ arr (V). We say a 0-form 
a G CCJ arr (V) has bidegree if it is a 0-form of order i and has degree j as an element in 
the profinite graded module T,DR^ ic (LT,V*). Similarly we say a 1-form a G CHarr^'^*) nas 
bidegree (i, j) if it is a 1-form of order i and has degree j as an element in the profinite graded 
module EDi^ ie (LEV*). The differentials on CC^ arr (V) and CJ arr (F,F*) both have bidegree 
(1, 1). In this situation we can formulate and prove the following corollary: 



Corollary 8.12. Let V be a unital strictly graded commutative algebra. The map 



of Lemma \8.1(A is; 

(i) a monomorphism if i = 1, 

(ii) an epimorphism if i = 2, 
(hi) an isomorphism ifi>3. 

Proof. A straightforward check utilising the definitions shows that the long exact sequence of 
Proposition 16.201 respects the bigrading on the cohomology referred to above, that is to say we 
have a long exact sequence in cohomology 

- — HC^iV) HC^(V) < ch (V, V*) HC^{V) - . 

Since the long exact sequence of Lemma 18.101 is derived from this long exact sequence we 
obtain a bigraded long exact sequence 

^ iP~i,i-2(y*) HC£U(V) — fljLCV, V*) — H^~ l (V*) — • • • . 

Since H'*(V*) is obviously concentrated in bidegree (1, •) the map 

is zero for all j G Z and i 7^ 1 and the map 

is zero for all j G Z and i 7^ 2, whence the result. □ 

9. Finite level structures and Obstruction theory 

In this section we define C n -algebras and discuss the problem of lifting a C n -structure to a 
C n +i-structure. The obstruction theory of ra-algebras is in principle known to the experts, but 
it is hard to find an explicit reference in the literature, especially in the C n -algebra case. The 
precursor for this type of obstruction theory is the seminal work of A. Robinson, jlj, although 
the main ideas go back to early work on algebraic deformation theory, ^2] , |HZ| ■ In the context 
of unstable homotopy theory, somewhat similar constructions were employed by Stasheff in |47| . 
We shall only consider the case of minimal C n -structures as in this case it is possible to give a 
convenient interpretation of obstructions in cohomological terms. 

Although it is possible to discuss the obstruction theory of L n and ^4„-algebras we shall only 
describe the obstruction theory of C n -algebras. This is in order to avoid repeating ourselves 
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and since in our further applications of obstruction theory we will work exclusively with Coo- 
algebras. It should however be clear how to formulate and prove the L n and A n analogues of 
the results contained in this section with most of the definitions and theorems carrying over 
almost verbatim. 

Let V be a free graded module. Recall from equation that any vector field m G 

Der(LSy*) could be written in the form 

m = mi + "i2 + • • • + m n + . . . 

where rrii is a vector field of order i. Since we often need to work modulo the endomorphisms 
of LY>V* of order > n we will denote the module of such endomorphisms by (n). 

9.1. Obstruction theory for C n -algebra structures. In this subsection we will develop the 
obstruction theory for C n -algebra structures. Let us begin with a definition: 

Definition 9.1. Let V be a free graded module. A minimal C n -structure (n > 3) on V is a 
vector field m G Der(LY<V*) of degree one which has the form 

m = ni2 + . . . + m n -i , rrii has order i 

and satisfies the condition m? = mod (n+ l). 1 

Let m and m' be two minimal C n -structures on V. We say m and m' are equivalent if there 
is a diffeomorphism <p G Aut(LXy*) of the form 

(9.1) </> = id+<£ 2 + 03 + ••• + </>*) + ■•■ 

where <pi is an endomorphism of order i, such that 

(j) o m o (j)^ 1 = m! mod in). 

Remark 9.2. Recall that we refer to diffeomorphisms of the form ()9.1|) as pointed diffeomor- 
phisms. 

Remark 9.3. Obviously in the definition of minimal L n and A n structures one should replace 
LYiV* with SY>V* and TY>V* respectively. The unital minimal A n and C n structures are defined 
precisely as in the oo-case (cf. Definition 14. 1|) . 

Remark 9.4. Note that this definition is slightly at odds with the definition of n-algebras (specif- 
ically ^4 n -algebras) given by Stasheff in |45j and Every minimal C n -algebra is a C n -algebra 
under Stasheff 's definition, however, given a minimal C n -structure m = ni2 + ■ ■ . + m n _i and an 
arbitrary vector field m n of order n, m! := m + m n is a C n -algebra under Stasheff 's definition 
which is obviously not a minimal C n -algebra. This distinction will be necessary in order to 
develop an obstruction theory. 

Remark 9.5. Clearly if m = m,2 + • • • + n-n-i is a minimal C ra -algebra then determines 
the structure of a strictly graded commutative algebra on the underlying free graded module 
V (cf. Eemark I4.6|) which we will call the underlying commutative algebra. Observe that two 
equivalent minimal C n -structures have the same underlying commutative algebra. 

Since the underlying algebra A := (V, vti2) is a strictly graded commutative algebra, Cy arr (^4, ^4) 
can be given a bigrading. We say a vector field £ G ^^(^4, ^4) has bidegree (i, j) if it is a vector 
field of order i and has degree j as an element in the profinite graded module S" 1 Der(LY,V*). 
The differential on C^ arr (A, A) then has bidegree (1, 1). 

It will be useful to introduce the following definition: 

Definition 9.6. Let A := (V, ^2) be a strictly graded commutative algebra, then the moduli 
space of minimal C n -structures on V fixing [12 is denoted by C n (A) and defined as the quotient 
of the set 

{m : LYiV* — > LT,V* : m is a minimal C n -structure and 771,2 = ^2} 

^Note that this definition entails a slight abuse of notation since the mi's are in fact dual to the maps defined 
by diagram il 1.2> 
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by the equivalence relation denned in Definition 19.11 

We will now describe the appropriate terminology which is necessary in discussing extensions 
of C n -structures to structures of higher order: 

Definition 9.7. Let V be a free graded module and let m = mi + . . . + m n _i be a minimal 
C n -structure on V. We say that m is an extendable (^-structure if there exists a vector field 
m n S Der(LSy*) of order n and degree one such that m + m n is a C n+ i-structure on V and 
we call m n an extension of m. 

Let m n and m' n be two extensions of m. We say that m n and m' n are equivalent if there 
exists a diffeomorphism (ft 6 Aut(LSl/*) of the form 

eft = id +0 n _i + n + . . . + n+fe + . . . 

where ^ is an endomorphism of order i, such that 

(9.2) (ft o (m + m n ) o c^ 1 = m + mod (n + 1). 

The quotient of the set of all extensions of m by this equivalence relation will be denoted by 
E n (m). 

Remark 9.8. Let m n and m' n be two equivalent extensions of m, then there is a diffeomorphism 
(ft satisfying (|9.2|) and a vector field £ of order n — 1 and degree zero such that has the form 

eft = id +£ + endomorphisms of order > n. 

From this we conclude that m' n = m n + [£, 7712]. 

Conversely if there exists a vector field £ of order n — 1 and degree zero such that 

m' n = m n + [£, m 2 ] 

then the diffeomorphism := exp(£) satisfies (|9.2|) . This means that two extensions of m are 
equivalent if and only if their difference is a Harrison coboundary. 

Definition 9.9. Let V be a free graded module and let m = m% + . . . + m n _i be a C n -structure 
on V. We define the vector field Obs(m) of order n + 1 and degree 2 by 

(9.3) Obs(m) := - ^ [m^mj]. 

3<i j'<n— 1 

We now formulate and prove a result analogous to theorems 7.14 and 7.15 of |21j : 

Theorem 9.10. Let A := (V, 771,2) be a strictly graded commutative algebra. For alln>3 (j9..3j) 
induces a map 

C n (A) - H^ 3 (A,A), 
m 1 ^ Obs(m); 

which we will denote by Obs n . T/ie kernel of this map consists of precisely those C n - structures 
which are extendable: 

{m E C n (A) : m is extendable} = ker(Obs n ). 

Proof. First of all let us show that given any C n -structure m = m% + . . . + m n _i on V, Obs(m) 
is a cocycle in CJ arr (A, A). Since m is a C n -structure we have the following equality for all 
k < n — 1: 

[m 2 ,m k } = -^ ^2 [mi,mj]. 

i+j=fc+2 
3<i,i<fe-l 
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Using this we show that Obs(m) is a Harrison cocycle as follows: 

[m 2 , Obs(m)] = - ^ [{m 2 ,mi},mj\ - - ^ [m*, [m 2 ,mj]], 

i+j=n+2 i+j=n+2 
3<i,j<n— 1 3<ij'<n— 1 



^2 [[w 2 ,mj],mj], 



3<i ,j<n— 1 



i+j+fc=n+4 
3<ij',A;<n— 2 

= 

where the last equality follows from the Jacobi identity. 
Next we need to show that if 

m = ?7i2 + "13 + • • • + 777 n _i and m' = ra 2 + 7773 + . . . + m' n _ 1 

are two equivalent C n -structures on V then Obs(m) and Obs(?77 / ) are cohomologous Harrison 
cocycles. Since m and m' are equivalent there exists a pointed diffeomorphism <p £ Aut(L£l/*) 
such that 

m = <f) o 777 o (f)^ 1 mod (n). 
This means there exists a vector field £ of order 77 and degree 1 such that 

m! = (pomo + £ mod (77 + 1). 
By the definition of Obs(?77) (cf. equation (|9,3|0 we have the equality 

777 2 = Obs(?77) mod (77 + 2) 
and likewise we have a similar equality for m' . Now from the calculation 



m' 2 = (bo m 2 o 



" 1 + [?772,£] mod (77 + 2), 



= Obs(m) + [7772, £] mod (77 + 2) 

we conclude that Obs(m') = Obs(m) + [7772, £]. 

So far we have proven that map Obs ra is well defined. In order to finish the proof we need 
to show that a C n -structure 777 = 7772 + . . . + m n ^\ on V is extendable if and only if Obs(?n) is 
cohomologous to zero. The reason that this is true is because for any vector field m n of order 
77 and degree 1 the following identity holds: 

(9.4) (777 + 777 n ) 2 = Obs(?77) + [7772, 777 n ] mod(n + 2). 

□ 

Remark 9.11. Obviously when dealing with L n and >l n -algebras Harrison cohomology should 
be replaced with Chevalley-Eilenberg and Hochschild cohomology respectively. 

The next result, also reminiscent of deformation theory, analyses different extensions of a 
C n -structure in terms of Harrison cohomology: 

Theorem 9.12. Let A := (V, 7772) be a strictly graded commutative algebra and let m £ C n (A) 
be an extendable C n -structure, then H^' &TT (A, A) acts freely and transitively on £ n {m): 

(€n,m n ) H-» 777 n + £ n . 

Proof. By equation (|9.4|) we see that 777 n is an extension of m if and only if 

(9.5) [7772, m n ] = — Obs(m). 

This means that if 777 n is an extension of m and £ n is a Harrison cocycle then 77i ra + £ n is 
an extension of m. Furthermore if 777 n and 777^ are equivalent extensions and £ n and are 
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cohomologous cocycles then by Remark 19.81 m n + £ n and m' n + £' n are equivalent extensions of 
m, therefore the above action is well defined. 

Condition (J9.5|) shows us that if m n and m' n are two extensions of m then m n — m' n is a 
Harrison cocycle and hence the above action is transitive. Furthermore if m n is an extension 
of m and £ n is a Harrison cocycle such that m n and m n + £ n are equivalent extensions then by 
Remark ED t 

n is a Harrison coboundary, thus the above action is free. D 

9.2. Obstruction theory for C n -algebra morphisms. In this subsection we will develop 
the obstruction theory for morphisms between two C n -algebras. 

Definition 9.13. Let V be a free graded module and let m and m' be two minimal Cm- 
structures on V. A minimal C ra -morphism from m to m' is a diffeomorphism <ft € Aut(LXy*) 
of degree zero such that 

<f) o m = m o <j) mod (n). 

Let <j> and <j)' be two such minimal C n -morphisms. We say <j> and <j)' are homotopic if there 
exists a vector field r] of degree —1 such that 

(j) = (j) o exp([m, 7]]) mod (n — 1). 

Remark 9.14. There is a Lie power series p(x, y) := x + y + ^[x,y] + . . . belonging to the pro-free 
Lie algebra on two generators x and y such that for two vector fields 7 and £ of degree zero 

exp(p(x,y)) = exp(x) o exp(y). 

It follows that homotopy is an equivalence relation. 

We will now introduce the moduli space of C n -morphisms: 

Definition 9.15. Let V be a free graded module and let m and m! be two minimal C n -structures 
on V with the same underlying algebra, that is to say that 1112 = rn' 2 - The moduli space of 
minimal C n -morphisms from m to m! is denoted by M n (m;m') and defined as the quotient of 
the set 

{(f) : LTjV* — > LTjV* : <j) is a pointed minimal C n -morphism from m to m'} 
by the homotopy equivalence relation defined in Definition 19.131 

Let m = m2 + . . . + m n be a C n+ i-structure on a free graded module V. We define the 
corresponding C n -structure fh on V as 

fh := m 2 + . . . + m n _i. 

Now we introduce the terminology dealing with extensions of C n -morphisms: 

Definition 9.16. Let V be a free graded module and let m and m! be two minimal C n +i- 
structures on V with the same underlying algebra. We say that a pointed C n -morphism cfj from 
fh to fh' is extendable if there exists a vector field 7 £ Der(LSy*) of order n — 1 and degree 
zero such that exp(7) o is a C n +i-morphism from m to m' and we call 7 an extension of 4>. 

Let 7 and 7' be two extensions of 4>. We say that 7 and 7' are equivalent if there exists a 
vector field 77 of order n — 2 and degree —1 such that 

(9.6) exp(7) o (j) = exp(7') o <f> o exp([m, rj\) mod (n). 

The quotient of the set of all extensions of <j) by this equivalence relation will be denoted by 
£M n (4> ■ m, m'). 

Remark 9.17. Let 7 and 7' be two extensions of (f> and let r\ be a vector field of order n — 2 and 
degree —1, then equation (|9,6|) is satisfied if and only if 

7 = 7'+ [™<2,f?]- 

It follows that two extensions are equivalent if and only if their difference is a Harrison cobound- 
ary in the Harrison complex of the underlying algebra A := (V, 7712). 
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Next we will define the appropriate obstruction to the extension of C n -morphisms. 

Definition 9.18. Let V be a free graded module and let m and m' be two minimal C n +i- 
structures on V with the same underlying algebra. Let be a pointed C ra -morphism from m to 
fh' . We define the vector field obs(^) of order n and degree 1 by 

(9.7) obs(0) := (f) o m o 0" 1 — m mod (n + 1). 

We now have all the terminology in place to formulate the analogues of theorems 19.101 and 

una 

Theorem 9.19. Let A := (V, m<i) be a strictly graded commutative algebra and let m and m' be 
two minimal C n+ \- structures (n > 3) on V whose underlying algebra is A, then 1)9. 7 j) induces a 
map 

M n (fh;fh>) - H^(A,A), 
4> i— ► obs(</>); 

which we will denote by obs n . The kernel of this map consists of precisely those C n -morphisms 
which are extendable: 

{4> £ .M n (m; fh!) : <f> is extendable} = ker(obs n ). 

Proof. Let ^ be a pointed C n -morphism from fh to fh 1 , then by Theorem l9.12l obsf^') is a cocycle 
in C^ wr (A, A) and 4> is extendable if and only if obs(</>) is cohomologous to zero. We need only 
show that if <f>' is another pointed C n -morphism from fh to fh' which is homotopic to <fi then 
obs(</>) and obs ((f)') are cohomologous cocycles. 

Since 4> and 4>' are homotopic there exists a vector field 7 of order n — 1 and degree and a 
vector field n of degree —1 such that 

4> = exp(7) o (j)' o exp([m, rj\) mod (n). 

Note that for any vector field n of degree —1; 

exp([m, 77]) o m o exp(— [m, rj]) = exp (ad([m, n])) [m] = m mod (n + 2). 

We use these facts to demonstrate that the relevant obstructions are cohomologous: 

obs(</>) = 4> o m o cf)^ 1 — m! mod (n + 1), 

= exp(7) o (j)' o exp([m, 77]) omo exp(— [m, 77]) o o exp(— 7) — m! mod (n + 1), 

= cj)' o m o + [7, 7712] — 771/ mod (n + 1), 

= ohs((j)') + [7, 777,2] mod (n + 1). 

□ 

Theorem 9.20. Lei A := (V, 7712) fre a strictly graded commutative algebra and let m and m! 
be two minimal C n +i- structures on V whose underlying algeb TCL is -A. L/Gt (j) G J^A. n {Tfl] 777/) 6c £177. 
extendable C n -morphism, then H^X~ ' {A, A) acts freely and transitively on £Ai n (<fi : m, m!): 

K^^ A ) x £ M n (cf> : m,m') -» £A4„(0 : 777,777'), 
(^7) ^ 7 + C- 

Proof. A vector field 7 of order 77 — 1 and degree zero is an extension of (ft if and only if 

(9.8) [m 2 ,7] = obs(0). 

It follows that if 7 is an extension of 4> and £ is a Harrison cocycle then 7 + £ is an extension 
of <^>. Moreover if 7 and 7' are equivalent extensions and £ and £' are cohomologous cocycles, 
then by Remark 19 .171 ^/ + £ and 7' + £' are equivalent extensions, hence the above action is well 
defined. 

If 7 and 7' are two extensions of <j> then by (|9.H|) their difference is a cocycle and therefore 
the above action is transitive. If 7 is an extension of <j) and £ is a cocycle such that 7 and 7 + £ 
are equivalent extensions, then by Remark 19.171 f is a coboundary and hence the above action 
is free. □ 
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10. Formal Noncommutative Symplectic Geometry and Symplectic oo- Algebras 



In this section we will review the formal noncommutative symplectic geometry introduced 
by Kontsevich in [3U] and jSJ- We will consider three types of this symplectic geometry corre- 
sponding to three types of algebra; commutative, associative and Lie algebras. We will define 
the notion of a (non)commutative symplectic form and formulate the Darboux theorem which 
says that there is a canonical form for a symplectic form on a 'flat manifold'. 

We will then recall the definition of an oo-algebra with an invariant inner product. The main 
purpose of this section will be to apply Kontsevich's noncommutative symplectic geometry to 
obtain an equivalent formulation of these structures in geometrical terms: The main theorem 
of this section will be to show that such algebras could be equivalently defined as a symplectic 
homological vector field on a formal flat symplectic super manifold. We will also formulate and 
prove some results for the cohomology of these oo-algebras. 

We will begin by recalling the basic terminology of symplectic geometry. Recall from Defini- 
tion !3.8l that if X is either a graded commutative, associative or Lie algebra then a homogeneous 
2-form uj G DR 2 {X) is nondegenerate if and only if the map : Der(X) — > DR 1 {X) of degree 
\uj\ defined by the formula 

(10.1) *(£):= i € M, CGDer(X) 

is bijective. When X is the commutative, associative or Lie algebra SUV*, TSV* or LTiV* 
respectively then we will denote this map by $com, ^Ass or <3?Lie respectively. 

Definition 10.1. Let X be either a formal graded commutative, associative or Lie algebra and 
let uj G DR 2 {X) be a homogeneous 2-form. We say a; is a symplectic form if it is closed (i.e. 
dw = 0) and nondegenerate. 

Definition 10.2. Let both X and X 1 be either formal graded commutative, associative or Lie 
algebras and let uj G DR 2 {X) and u/ G DR 2 {X') be homogeneous symplectic forms: 

(i) We say a vector field £ : X — > X is a symplectic vector field if L^(u) = 0. 

(ii) We say a diffeomorphism cf) : X — » X' is a symplectomorphism if 4>*(u>) = u r . 

We have the following simple proposition about symplectic vector fields which can be found 
in HS|: 

Proposition 10.3. Let X be either a formal graded commutative, associative or Lie algebra 
and let uj G DR 2 (X) be a symplectic form. Then the map $> defined by equation (|l().lj) induces 
a one-to-one correspondence between symplectic vector fields and closed 1- forms: 

$> : {£ G Der(X) : L^uj) = 0} -> {a G DR 1 (X) : da = 0}. 

Proof. Let £ : X — > X be a vector field. By Lemma 12.111 part (i) we see that L^{uo) = if and 
only if di^(u) = 0. □ 

We will now formulate the Darboux theorem which says that on a 'flat manifold' there is a 
canonical form for any symplectic form. A proof of this can be found in |18[ §6] : 

Theorem 10.4. Let W be a free graded module of finite rank and let X be one of the three 
algebras SW , TW or LW. Let uj G DR 2 (X) be a homogeneous 2-form and represent uj as 

UJ = UJq + UJ\ + UJ 2 + . . . + U) n + . . . , 

where uii is a 2-form of order i: 

(i) uj is nondegenerate if and only if ujq is nondegenerate. 

(ii) Suppose that uj is in fact a symplectic form, then there exists a diffeomorphism <j> G 
Aut(A) such that (p*(uj) = ujq. 

□ 
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We will now recall (cf. |24| and |31| ) the definition of an oo-algebra with an invariant inner 
product. Recall from Remark l4.6l that oo-structures on a free graded module V can be described 
in terms of systems of maps 

rhi : V®* -> V, i > 1 
satisfying certain higher homotopy axioms: 

Definition 10.5. Let V be a free graded module of finite rank and let 

(-,-) :V®V^K 

be an inner product on V . Let 

rhi ■ V® i -> V, i > 1 

be a system of maps determining either an L^, or Coo-structure on V. We say that this 
structure is invariant with respect to the inner product (—,—} if the following identity holds for 
all x , . . . ,x n E V; 

(10.2) (m n ( Xl , ...,x n ),x ) = (-ir + M(l*il+---+M)<™ ri ( :ro , . . . , Xn _ x ), Xn ) 

and we say that V is an Loo? -^-oo C^-algebra with an invariant inner product respectively. 
Given a free graded module V we can define an (inhomogeneous) linear bijection 

k : (TZV)* -> (TV)* 

as follows: Given a linear map a : Y,V® n — > K of degree d the map n(a) : y® n — > K. of degree 
d — n is defined by the following commutative diagram: 

(10.3) F 0n — K 

It is well known that the unsigned action of S n on (S7 8n )* corresponds to the signed action 
of S n on (V® n )* under the map k. In particular k gives us the following bijection of degree —2: 

k : (A 2 ZV)* (SV)* 

We will now prove the main result of this section which links invariant oo-structures to 
symplectic vector fields: 

Theorem 10.6. Let V be a free graded module of finite rank. Let 

(10.4) rhi ■ V^ -> V, i > 1 
6e either an Loo, A^ or Coo-structure on V and let 

(-,-) :V ®V 

be an inner product on V . 

Consider the vector field m (belonging to Dev(ST,V*), Dei(TT,V*) or T)er(LT,V*)) corre- 
sponding to the Lqo, ^4oo or C^- structure respectively and consider the symplectic form u (be- 
longing to DR,Q om (SY,V*), DR\ SS (TY,V*) or DRf jic (LT,V*) respectively) corresponding to the 
inner product (—, —); (—, — ) = k((uj). The oo-structure (|10.4|) is invariant with respect to the 
inner product {— , — ) if and only if L m uj = 0. 

Proof. Start by choosing a basis x\, . . . ,x n of the free graded module V and let yi := Exj, then 
there exist coefficients a y - € K such that 

UJ= "52 a ij d yi d y*j 

l<i ,j<n 
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regardless of whether u belongs to DRl om (ST,V*), DR 2 Ass (TT,V*) or DR^LEV*). The cor- 
responding inner product (— , — ) := kQ{u)) is given by the formula, 

(10.5) (a,b) = - oj Ax*(a)x*(b) + (-l)l*l^(a)a;*(6) . 

l<i,j'<n 

Let us treat the case first since it is the simplest. Let 

m . . SF®* -» EV, * > 1 

be the system of maps defined by figure 1)4.2)1 which corresponds to the system of maps in 1)10.4)1 
which define the ^co-structure: The vector field m £ T>er(TT,V*) then has the form 

m = m\ + 777-2 + • • • + 777* + . . . 

where the map m* k : Y<V* — > (El/*)® fc is extended uniquely to a vector field on TTjV*, cf. 
Proposition IA. 13l We then calculate L m (u) as 



= -di rn {u) = -d V V Oi 3 - [(-1)1^11^1^* • (y* o m fc ) + eft/* • (y* o m fe ) 




Recall that the unsigned action of S n on (£l/*)® n corresponds to the signed action of S n 
on (y*)® n under the map k defined by diagram ()10.3)) . Let Cass be the isomorphism defined 
by Theorem 13.51 Since L m uj is a closed 2-form, this means that L m (u>) = if and only if 
K(\ ss L m (uj) = 0. It follows from the definition of £ass and k that L m uj = if and only if for all 
k > 1, 

(1-**)- a ;j [(-^I^Vl)!^"^'!,* • x* o m, + • x* o =0. 

l<i ,j<n 

Since (— , — } is graded symmetric it follows from equation ()10.5)) and a simple calculation that 
the above holds if and only if the following map is invariant under the (signed) action of the 
cyclic group; 

u <g> . . . <g> u k i-> (m k (u ,...,u k ^-i),u k ). 

The invariance of the above map under the action of the cyclic group is condition (jl0,2)l of 
Definition 110.51 and hence we have established the theorem for ^loo-algebras. 

Let us treat the Cx) case next. This will follow as ci corollary of the theorem for A^- 
algebras. Let I : DR^JUZV*) -> DR Ass (TEV*) be the map defined by equation (J^J) and let 
777 € Der(LSy*) be the Coo-structure on V. By lemmas 13.21 and 13.41 we see that 

L m (oj) = lL m {uj) = 44> L m l(uj) = 0. 

By the preceding argument L m l(u) = if and only if the inner product 

(-, -) := «Clu(w) = «CWM 

is invariant with respect to the system of maps in 1)10.4)1 which describe the Coo-structure. 
Again this is condition 1)10. 2j) of Definition 110.51 and hence we have proven the theorem for 
Coo-algebras. 

Lastly we will treat the Loo case. Let j : DRQ om (SY,V*) —> DR\ ss (TTjV*) be the map 
defined by diagram 1)3.8)1 and let Ccom be the isomorphism defined by Theorem 13.51 Let 

mi : S l EV -> EV, i > 1 

be the system of maps defined by figure 1)4.2)1 which corresponds to the system of maps in 1)10.4)1 
which define the Loo-structure: The vector field m € Der(S£V*) then satisfies the identity, 

oo 

i o m o 7T = ^2 m *k\ 

k=l 
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where the map m\ : T,V* — > (S HV)* is extended uniquely to a vector field on (STiV)* (which 
is equipped with the shuffle product) and the maps i and tt are defined by equations ()4.3I) and 
(|4.4I) respectively. 

Now L m (uj) = if and only if KQQ om L m (uj) = 0. We calculate KQQ om L m {uj) as; 



-n( Ass dj 




-l)^\dy* r m{yl) + dy*-m{y*) 



K( Ass d V aij \{-l)\ Xi ^dy* ■ im{y*) + dy* ■ im{y*) 



K( Ass d Yl a v {~ l )^ xA dy* ■ (y* o m k ) + dy* ■ (y* o m k ) 



Again it follows from the definition of Cass and the same simple calculations that L m (u) = if 
and only if (|1U.2|) holds for all k > 1. This proves the theorem for Loo-algebras. □ 

This result motivates the following definition of a symplectic oo-algebra: 

Definition 10.7. Let V be a free graded module of finite rank: 

(i) A symplectic Loo-structure on V is a symplectic form uj G DR^ om (ST,V*) together with 
a symplectic vector field 

m : SZV* -» SSy* 
of degree one and vanishing at zero; such that m 2 = 0. 

(ii) A symplectic vloo-structure on V is a symplectic form uj G DR Ass (TT,V*) together with 
a symplectic vector field 

m : TT.V* -» f T.V* 
of degree one and vanishing at zero; such that m 2 = 0. 

(iii) A symplectic Coo-structure on V is a symplectic form uj G DR 2 jIC (L'EV*) together with 
a symplectic vector field 

m : LZV* -» LT,V* 
of degree one; such that m 2 = 0. 

Remark 10.8. Of course, in order to avoid homotopy non invariant constructions we should also 
insist that the underlying complex of our symplectic oo-algebra be cellular, cf. Remark 14.21 

Definition 10.9. Let V and U be free graded modules of finite ranks: 

(i) Let (m,oj) and (m',u') be symplectic Loo-structures on V and U respectively: A sym- 
plectic Loo-morphism from V to U is a continuous algebra homomorphism 

(/) : SEU* -» SZV* 

of degree zero such that <j> o m' = m o and (j)*(uj') = o>. 

(ii) Let (m,uj) and (m',uj') be symplectic ^4oo-structures on V and {7 respectively: A sym- 
plectic ^4oo- m orphism from V to U is a continuous algebra homomorphism 

: TTXJ* -> TSF* 

of degree zero such that <p o m' = mo and <j)*(oj') = uj. 

(iii) Let (m,w) and (m',u/) be symplectic Coo-structures on 1/ and £7 respectively: A syro- 
plectic Coo-morphism from V to f7 is a continuous algebra homomorphism 

: LEJ7* -> LEV* 

of degree zero such that (j) o mf = m o (f> and 4>*(uj') = uj. 
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Remark 10.10. We have the following diagram of functors, 

Coq— algebras *• A^— algebras >■ Loo — algebras 



Symplectic Coq— algebras >■ Symplectic A^— algebras 5- Symplectic L^— algebras 

where the top row is just diagram (|4.1I) and the vertical arrows are the forgetful functors. In 
order to define the arrows in the bottom row it only remains to describe what happens to the 
symplectic forms in the symplectic oo-algebras. This mapping is provided by the maps I and p 
defined in section 01 cf . (|H.5|) and IjH.fiJI : 

DRlJLZV*) — DRlJTZV*) Dti^fiEV*) • 
We have the following useful lemmas regarding the cohomology of a symplectic oo-algebra: 

Lemma 10.11. Let (V,m,uj) be 

(a) a symplectic Loo-algebra, 

(b) a symplectic Aoo-algebra or 

(c) a symplectic Coo-algebra. 

The map defined by equation (jlO.lj) is an isomorphism of complexes: 

(a) $ Com : C' CE (V,V) -» ^\~ 2 C' CE (V,V*). 

(b) * Ass : C^ och (V,V) - ZM- 2 C^ och (V,V*). 
(<0 ^Lie : C^ n (V,V) Sl-l-2 C5arr (F,y*). 

Proof. We shall treat all three cases simultaneously. By Definition 13.81 the map $ must be 
bijective. It only remains to prove that this map commutes with the differentials: 

Let X be the algebra ST,V*, TT,V* or LT,V* depending on whether V is a symplectic Loo, 
Aoo or Coo-algebra respectively. The complex computing the cohomology of V with coefficients 
in V is 

C(V,V) : = (S- 1 Der(X),adm) . 
The complex computing the cohomology of V with coefficients in V* is 

C(V,V*) := {Y,DR\X),L m ). 
Since m is a symplectic vector field, Lemma 12.111 implies that respects the differentials: 

$(adm(£)) = «[m,^]H = [L m ,h]{w), 
= L m i^(u) = L m $(£). 

□ 

We need an analogue of Lemma llO. Ill in the context of the cyclic theories: 

Lemma 10.12. Let (V,m,u) be 

(a) a symplectic Loo-algebra, 

(b) a symplectic Aoo-algebra or 

(c) a symplectic Coo-algebra; 

then the Lie subalgebra of 

(a) C^ E (V,V) := (Der(5£T/*),adm) ; 

(b) C^ och (V,V) := (Der(fSF*),adm N ) or 



(c) ^ arr (y,F) := (Der(LXy*),adm 
consisting of all symplectic vector fields forms a subcomplex denoted by 

(a) SC' CE (V,V), 

(b) SC« och (V,F) or 
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(c) SC^(V,V) 
respectively. Furthermore, there is an isomorphism 

(a) T Com : £M-2CC£ E (V) - SC' CE (V,V), 

(b) T Ass : ^\-*CC' Roch (V) - SC^ och (V,V) or 

(c) r Lic : sM- 2 ccj arr (y) - SC^ aiv (V,V) 

defined by the formula, 

(10.6) T(a) := (-l) 10 ^" 1 ^); 

where <& is i/ie map defined by equation (|10.1j) . 

Proof. Again the proof is the same in all three cases. Since the oo-structure m is a symplectic 
vector field, the Lie subalgebra of symplectic vector fields does indeed form a subcomplex as 
claimed. 

Lemma 12 . 1 1 1 part (v) and Lemma lit). 1 II tell us that T is a map of complexes, i.e. it respects 
the differentials. It remains to prove that T is bijective: This follows from Lemma 12.181 and 
Proposition 110.31 □ 



11. Examples 

In this section we give a few explicit examples of symplectic oo-algebras (or in fact oc- 
algebras with an invariant inner product). A large class of examples of symplectic Coo-algebras 
is provided by taking minimal models of the cochain algebras of Poincare duality spaces. This 
follows from Theorem 113.51 and we will have more to say about these algebras in section ITU 

Let us now describe a series of symplectic ^oo-algebras which were introduced (without 
symplectic structure) in the second author's paper [33] under the name 'Moore algebras'. It 
should be mentioned that the Moore algebras are not ^4oo-algebras under Definition 14.11 but 
rather Z/2-graded (or super) Aoo-algebras. This means that their underlying modules are Z/2- 
graded rather than Z-graded and the ^4oo-structure will simply be an odd vector field having 
square 0. Clearly any Z-graded oo-algebra determines a super oo-algebra. Conversely, a super 
oo-algebra gives rise to a Z-graded one, albeit over a larger ring K^* 1 ] where \v\ = 2. All our 
results carry over in an obvious fashion to the supercase. 

'Even' Moore algebras give examples of symplectic ^4oo-algebras with odd symplectic forms. 
Consider the free module 

V := E -1 K©K 

with generators y and 1 in degrees 1 and respectively. We have TEV* = K((r, t)) where t is 
dual to the generator Ey and r is dual to the generator SI. In L 33 the second author proved 
that any vector field m of the form 

oo 

m = Uit l d T + ad r — r 2 d T 
i=i 

is an Aoo-structure on V (i.e. m 2 = 0). We endow this module with an odd symplectic form 

us := drdt. 

The corresponding inner product (— , — ) := k^Ass(^) is given by the formula; 

(y,l) = (1 )2/ ) = -1, 
(y,y) = (1,1) = 0. 

Note that if we disregard higher multiplications, this even Moore algebra is essentially the 
cohomology algebra of an odd-dimensional sphere together with its Poincare duality form. 

Examples of symplectic ^4oo-algebras with even symplectic forms are provided by 'odd' Moore 
algebras. Consider the free module 

V := K(BK 
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with generators y and 1 in degree 0. Again we have TEV* = K((r, t)) where t is dual to the 
generator Ey and r is dual to the generator El. In [3S| ^ is proved that any vector field m of 
the form 

oo 

m 

i=l i=l 

is an j4oo-structure on V . Here there is a choice for an even symplectic form. One option is 



Vit 2i d t + Wit 2i d T + ad T — T d T 



uj := drdr + dtdt. 

The corresponding inner product (— , — ) := k^\ ss (co) is given by the formula; 

(1,1) = (y,y) = -1, 
(y,l) = (l,y) = 0. 

The nonunital version of this ^oo-algebra was introduced in |SJ| and was shown to give rise 
to the Morita-Miller-Mumford classes in the cohomology of moduli spaces of complex algebraic 
curves. 

The other option is to take 

uj := drdt. 

The corresponding inner product ( — ,—) '■= kCass^) wm then be given by the formula; 

(1,1) = (y,y) = 0, 
(y,l) = (l,y) = 1. 

Note that (disregarding higher multiplications) the odd Moore algebra is essentially the coho- 
mology algebra of an even-dimensional sphere; moreover the second choice of the symplectic 
form corresponds to the Poincare duality form. 

Proposition 11.1. 

(i) Consider the free graded module 

V := E _1 K©K 
endowed with the symplectic form 

uj := drdt. 

The Aoo-structure 

oo 

m := Y2 u it l dr + adr — r 2 d T 

i=l 

is a symplectic vector field and hence gives V the structure of an A^-algebra with an 
(odd) invariant inner product. 

(ii) Consider the free graded module 

V :=K®K. 
(a) Endow V with the symplectic form 

uj := drdr + dtdt. 

The Aqq- structure 



oo 

m 



:= Y v ^ 2ld t + i2Q r + adr - r 2 d T 



is a symplectic vector field and hence gives V the structure of an A^-algebra with 
an ( even ) invariant inner product. 
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(b) Endow V with the symplectic form 

ijj := droit. 

The Aoo-structure 

oo 

m := Wit 2% d T + adr — r 2 d T 
i=l 

is a symplectic vector field and hence gives V the structure of an A^-algebra with 
an (even) invariant inner product. 

Proof. 

(i) We calculate L m u> as 

L m io = - (d(u(t) + r 2 ) -dt + dr ■ d[r, t]) , 

= - (d(u(t)) ■ dt + dr ■ t ■ dt - r • dr ■ dt + dr ■ [dr, t] - dr ■ [r, dt]) , 

= — (d(u(t)) ■ dt + dr ■ t ■ dt — r • dr ■ dt + [dr, dr] ■ t — dr ■ r ■ dt — dr ■ dt ■ r) , 

= -d(u(t)) ■ dt. 

From Theorem 13.51 it follows that d(u(t)) ■ dt = and therefore m is a symplectic vector 
field as claimed. 

(a) We calculate L m uj as 

L m uj = -2(dt- d(v(t) + [r, t\) + dr ■ d(r 2 + t 2 )) , 
= -2(dt- d(v(t)) + dt ■ [dr, t] - dt ■ [r, dt}) 

— 2 (dr ■ dr ■ r — dr ■ r • dr + dr ■ dt ■ t — dr ■ t ■ dt) , 
= -2(dt- d(v(t)) + dt-dr-t-dt-t-dT + [dt, dt] ■ r + dr ■ dt ■ t - dr ■ t ■ dt) , 
= -2dt- d(v(t)). 

Again, it follows from Theorem l3.5l that dt-d(v(t)) = and hence m is a symplectic 
vector field. 

(b) Again we calculate L m uj as 

L m ui = —d(r 2 )dt — d(w(t))dt — drd[T,t], 

= dr ■ t ■ dt — rdrdt + dr[dr, t] — dr[r, dt] — d(w(t))dt, 
= -d(w(t))dt. 

As was shown above, d(w(t))dt = and therefore m is a symplectic vector field. 

□ 

We can construct further examples of symplectic Loo-algebras from even Moore algebras 
(it is easy to see that the odd ones lead to trivial examples of such). Namely, consider the 
commutative superalgebra K.[[t]] (g> Ak(t) together with the vector field m := X^i Uit l d T . Then 
m 2 = and m preserves the symplectic form u> = dtdr. In other words we have a symplectic 
Loo-algebra on the supermodule K 1 ' 1 . 

The last symplectic L^o-algebra admits a curious topological interpretation. Namely, set Ui = 
for i ^ k > 1 and Uk = 1- In other words, we have a Loo-structure on the module ©K(y) 
where x is odd whereas y is even. This Loo-structure is determined by mk(x, . . . , x) = y and the 
other mj's vanish. Denote this Loo-algebra by L. It is easy to see that L is weakly equivalent 
to the Lie model of the rational homotopy type of CP fc_1 , the complex projective space of 
dimension k — 1. Here x corresponds to the generator of 7r2(CP fc_1 ) and y corresponds to the 
generator of 7T2fc-i(CP fc_1 ). It would be interesting to find out what topological structure on 
<CP k ~ 1 corresponds to the invariant inner product on L. 
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12. Obstruction theory for Symplectic Coo-Algebras 

In this section we develop the obstruction theory in the symplectic context which is parallel 
to our treatment in section |5J Once again it is possible to develop an obstruction theory for 
symplectic L n and A n -algebras but we shall only discuss the theory for symplectic C n -algebras. 
This is in order to avoid repeating ourselves and since the goal of this section is to lay the 
groundwork for section^] in which we prove our main result and this result will only hold for 
Coo-algebras. 

In this section we shall only consider symplectic C n -algebras whose symplectic form uj has 
order zero. This is not really a significant restriction however since the Darboux theorem 
(Theorem ll().4[) tells us that any symplectic C n -algebra is isomorphic to one of this form. It 
follows from Theorem 110. 61 that a strictly graded commutative symplectic Coo-algebra A := 
(V, m2,w) is the same thing as a commutative Frobenius algebra and we hereafter refer to them 
as such. 

Recall that given a symplectic Coo-algebra A := (V, m,uj), Lemma 1 1 . 1 2 1 gives us an isomor- 
phism TLie between the (shifted) cyclic Harrison complex Sl u 'l _2 CCJ arr (A) and the subcomplex 
of CJ arr ( J 4, A) consisting of all symplectic vector fields which we denoted by SC^ rr (A, A). Fur- 
thermore if A is in fact a strictly graded commutative Frobenius algebra then T^e respects the 
natural bigrading induced on the cohomology defined in remarks 19.51 and 18.111 

^ c :CC^ + ^-\A)^SCZJAA). 

Recall that given a free graded module V, the module consisting of all continuous endomor- 
phisms 

/ : LEV* -» LT.V* 

of order > n is denoted by (n). 

12.1. Obstruction theory for symplectic C„-algebra structures. In this section we will 
formulate the symplectic analogues of the theorems and definitions given in section 

Definition 12.1. Let V be a free graded module of finite rank. A minimal symplectic C n - 
structure (n > 3) on V consists of a symplectic form uj € DR^ (LY,V*) of order zero and a 
symplectic vector field m G Der(L£V*) of degree one which has the form 

m = ni2 + . . . + m n -i, rrii has order i 

and satisfies the condition m? = mod (n + 1). 

Let m and m! be two minimal symplectic C n -structures on V . We say m and m! are equivalent 
if there is a symplectomorphism of degree zero <j> £ Aut(LSV*) of the form 

(12.1) </> = id +<£ 2 + 03 + ••• + </>fc + ■•■ 

where (pi is an endomorphism of order i and such that 

(pomo (\T X = m' mod (n). 

Remark 12.2. Following the convention made in section IT~T1 we shall call a symplectomorphism 
of the form (|12.1|) a pointed symplectomorphism. Note that under the definition of equivalence, 
it would be impossible to have two equivalent minimal symplectic C n -structures on V which 
had different symplectic forms, hence the reason for the omission of the symplectic forms in the 
definition. 

Remark 12.3. Obviously if m = m<i + . . . + m„_i is a minimal symplectic C n -algebra with 
symplectic form to then A := (V,m2,w) is a strictly graded commutative Frobenius algebra 
which we will call the underlying Frobenius algebra. Observe that two equivalent minimal 
symplectic C^-structures have the same underlying Frobenius algebra. 

It will be useful to introduce the following definition: 
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Definition 12.4. Let A := (V,fj,2,u) be a strictly graded commutative Frobenius algebra, 
then the moduli space of minimal symplectic C n -structures on V fixing \i2 and u is denoted by 
SC n {A) and defined as the quotient of the set 

{m : LY>V* — > LY>V* : m is a minimal symplectic C n -structure with respect to u and m<i = ^2} 

by the equivalence relation defined in Definition 112.11 

We will now describe the appropriate terminology necessary in discussing extensions of sym- 
plectic C n -structures to structures of higher order: 

Definition 12.5. Let V be a free graded module of finite rank and let oj G DR^ ie (LTiV*) 
be a symplectic form of order zero. We say that a minimal symplectic C n -structure m = 
ni2 + . . . + m n _i on V is extendable if there exists a symplectic vector field m n G Der(LST/*) 
of order n such that m + m n is a symplectic C n +i-structure on V and we call m n an extension 
of m. 

Let m n and m' n be two extensions of m. We say that m n and m' n are equivalent if there 
exists a symplectomorphism <j) G Aut(LSy*) of degree zero of the form 

(j) = id +0 n _i + <f) n + . . . + (f) n+k + . . . 

where fa is an endomorphism of order i and such that 

(f) o (m, + m n ) o (p^ 1 = to + m4 mod (n + 1). 

The quotient of the set of all extensions of m by this equivalence relation will be denoted by 
S£ n (m). 

We now identify the appropriate obstruction to extending symplectic C n -structures. We will 
use the same notation as in Definition EZ3 We will later justify this abuse of notation by Lemma 

mo 

Definition 12.6. Let V be a free graded module of finite rank and let oj G DR^-^LTjV*) be a 
symplectic form of order zero. Let m = m-2 + . . . + rn n -i be a minimal symplectic C n -structure 
on V. We define the 0-form Obs(m) of order n + 2 and degree 2 + \ui\ by 

/ \ 

(12.2) Obs(TO) := 



^2 [m,mj} 

i+j=n+2 , 
\3<i,j<n-l ) 



We can now formulate the symplectic analogues of theorems 19.101 and 19.121 We shall omit 
the proofs since they are the same as the proofs of section 03 verbatim except that we must use 
the fact from Lemma llO. 121 that TLi e is an isomorphism. 

Theorem 12.7. Let A := (V, m2,w) he a strictly graded commutative Frobenius algebra. For 
all n > 3 (|12.2|) induces a map 

SC n (A) - HCl + J^\A\ 
to 1— > Obs(m); 

which we will denote by Obs n . The kernel of this map consists of precisely those symplectic 
C n - structures which are extendable: 

{m G SC n {A) : m is extendable} = ker(Obs n ). 

□ 

Theorem 12.8. Let A := (V,m2,uj) be a strictly graded commutative Frobenius algebra and 
let to G SC n {A) be an extendable symplectic C n -structure, then HC^^ U) \A) acts freely and 
transitively on S£ n {m): 

HCl + ^\A)^S£ n {m) - S£ n (m), 

(a,m n ) i-i- m n + T Lic (a). 
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□ 



Remark 12.9. The analogues of theorems 112.71 and 112.81 apply to symplectic L n and ^4 n -algebras 
as well. Cyclic Harrison cohomology is replaced with cyclic Chevalley-Eilenberg and cyclic 
Hochschild cohomology respectively. Recall that cyclic Chevalley-Eilenberg cohomology is sim- 
ply Chevalley-Eilenberg cohomology with trivial coefficients. 

12.2. Obstruction theory for symplectic C n -algebra morphisms. In this section we will 
develop the obstruction theory for morphisms between two symplectic C n -algebras. Again, the 
formulation is entirely analogous to that of section l9?2l 

Definition 12.10. Let V be a free graded module of finite rank and let uj G DR^ ie (LY>V*) be 
a symplectic form of order zero. Let m and vn! be two minimal symplectic C n -structures on V . 
A minimal symplectic C n -morphism from m to m! is a symplectomorphism (ft G Aut(LSV*) of 
degree zero such that 

(ft o m = m o (ft mod (n) . 

Let (ft and (ft' be two such minimal symplectic C n -morphisms. We say (ft and (ft' are nomotopic 
if there exists a symplectic vector field 77 of degree —1 such that 

(ft = (ft' o exp([m, 77]) mod (n — 1). 

We will now introduce the moduli space of symplectic C n -morphisms: 

Definition 12.11. Let V be a free graded module of finite rank and let uj G DR^ ie {LT,V*) be 
a symplectic form of order zero. Let m and m' be two minimal symplectic C n -structures on 

V with the same underlying Frobenius algebra (i.e. 777,2 = m' 2 ). The moduli space of minimal 
symplectic C n -morphisms from m to m' is denoted by Sj\A n (m; m') and defined as the quotient 
of the set 

{(ft : LEV* — > LEV* : (ft is a minimal pointed symplectic C n -morphism from mtom} 
by the homotopy equivalence relation defined in Definition 112. lUl 

Let m = 771,2 + • • • + 777 n be a symplectic C n+ i-structure on a free graded module V. Recall 
that we define the corresponding symplectic C n -structure 777 on V as 

777 := m 2 + • • • + m n _i. 

Now we introduce the terminology dealing with extensions of symplectic C n -morphisms: 

Definition 12.12. Let V be a free graded module of finite rank and let uj G DR^ ie (LT>V*) be 
a symplectic form of order zero. Let 777 and m' be two minimal symplectic C n +i-structures on 

V with the same underlying Frobenius algebra. We say that a pointed symplectic C n -morphism 
(ft from 777 to 777,' is extendable if there exists a symplectic vector field 7 of order n — 1 and 
degree zero such that exp(7) o (ft is a symplectic C n +i-morphism from 777 to m' and we call 7 an 
extension of (ft. 

Let 7 and 7' be two extensions of (ft. We say that 7 and 7' are equivalent if there exists a 
symplectic vector field 77 of order 77 — 2 and degree —1 such that 

exp(7) o (ft = exp(7') 0^0 expQm, rj\) mod (n). 

The quotient of the set of all extensions of (ft by this equivalence relation will be denoted by 
SEM n ((ft : m,m'). 

Next we will define the appropriate obstruction to the extension of symplectic C n -morphisms. 
We shall use the same notation as in Definition l9.18l This abuse of notation will later be justified 
by Lemma 113.41 

Definition 12.13. Let V be a free graded module of finite rank and let uj G DR^ ie (LT>V*) be 
a symplectic form of order zero. Let m and 777/ be two minimal symplectic C n +i-structures on 
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V with the same underlying Frobenius algebra. Let be a pointed symplectic C n -morphism 
from to to to'. We define the 0-form obs(^) of order n + 1 and degree 1 + \uj\ by 

(12.3) obs(0) := (0 o m o cf)- 1 - to') mod (n + 2). 

We will now prove the symplectic analogues of theorems 19.191 and I9.2U1 We shall omit the 
proofs since they are the same as those of section El verbatim except that we must use the fact 
from Lemma 111). 121 that Tlic is an isomorphism. 

Theorem 12.14. Let A := (V, m2,w) be a strictly graded commutative Frobenius algebra and let 
to and to' be two minimal symplectic C n +\- structures (n > 3) onV whose underlying Frobenius 
algebra is A, then (|12.3I) induces a map 

SM n (fh;m>) -> HC%£ M (A), 
(f) i ^ obs(^); 

which we will denote by obs n . The kernel of this map consists of precisely those symplectic 
C n -morphisms which are extendable: 

{(p G SM n (m',m') : cf> is extendable} — ker(obs n ). 

□ 

Theorem 12.15. Let A := (V,m2,uj) be a strictly graded commutative Frobenius algebra and let 
to and m' be two minimal symplectic C n +i- structures on V whose underlying Frobenius algebra 
is A. Let (j) € SM n (rh;fh') be an extendable symplectic C n -morphism, then HC^j^J 1 (A) acts 
freely and transitively on S£M n {4> '■ m,m'): 

HC$£-\A) x S8M n {4) : to, to') S£M n {4> : to, to'), 
(a, 7) 1 ► 7 + T Lic (a). 

□ 

13. The Main Theorem: A Correspondence between and Symplectic 

Coo -STRUCTURES 

In this section we will prove our main result; that a symplectic Coo-algebra (V, m, u) is 
uniquely determined by its underlying Coo-algebra (V, to) together with the structure of a com- 
mutative Frobenius algebra on (V, 711,2). The point is that the obstruction theories for symplectic 
and nonsymplectic Coo-algebras turn out to be 'isomorphic' thanks to Corollary 18.121 

Once again, in this section we shall only consider symplectic Coo-algebras whose symplectic 
form uj has order zero. It is important to note that whilst the results of sections |H1 and El 
apply equally well to L^ and ^oo-algebras, the results of this section will apply exclusively to 
Coo-algebras. 

It will be necessary to introduce the following definitions in order to formulate our main 
theorem later in this section: 

Definition 13.1. 

(i) Let A := (V, ^2) be a strictly graded commutative algebra, then the moduli space of 
minimal Coo-structures on V fixing H2 is denoted by Coq(A) and defined as the quotient 
of the set 

{to : LT,V* — * LT,V* : to is a minimal Coo-structure and mi = ^2} 

by the action under conjugation of the group G consisting of all diffeomorphisms <p £ 
Aut(L£F*) of the form 

= id +(p 2 + <f>3 + • • • + 4>k + ■ ■ ■ , 

where <j>i is an endomorphism of order %. 
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(ii) Let A := (V, fJ>2,u) be a strictly graded commutative Frobenius algebra, then the moduli 
space of minimal symplectic Coo-structures on V fixing fj,% and w is denoted by SCoo(A) 
and defined as the quotient of the set 

{to : LT,V* — * LT,V* : to is a minimal symplectic Coo-structure and m% = /J2} 

by the action under conjugation of the group G consisting of all symplectomorphisms 
4> G Aut(LST/*) of the form 

4> = id +4> 2 + 03 + • • • + <\>k + • • • 1 
where 0j is an endomorphism of order i. 
Recall that we call a diffeomorphism (symplectomorphism) of the form 

4> = id +<j) 2 + 4>3 + • • • + <Pk + ■ ■ ■ 
a pointed diffeomorphism (symplectomorphism). 

Definition 13.2. 

(i) Let V be a free graded module and let to and to' be two minimal Coo-structures on V 
with the same underlying algebra. We say that two Coo-morphisms <j> and <p' from m to 
to' are homotopic if there exists a vector field 77 of degree —1 such that 

(j) = (f)' o exp([m, 77]). 

We denote the moduli space of Coo-morphisms from m to m' by M^m^m') and 
define it as the quotient of the set 

{<ft : LY,V* — > LY<V* : is a pointed Coo-morphism from m to m'} 

by the homotopy equivalence relation defined above. 

(ii) Let V be a free graded module of finite rank and let u> € DR^ ic (LT,V*) be a symplectic 
form of order zero. Let m and m' be two minimal symplectic Coo-structures on V with 
the same underlying Frobenius algebra. We say that two symplectic Coo-morphisms (f> 
and 4>' from m to m! are homotopic if there exists a symplectic vector field 77 of degree 
— 1 such that 

cj) = (j) o exp([m, r/]). 

We denote the moduli space of symplectic Coo-morphisms from m to ml by SAd^m; ml) 
and define it as the quotient of the set 

{4> : LT.V* — > LSI/* : is a pointed symplectic Coo-morphism from m to to'} 

by the homotopy equivalence relation defined above. 

Recall that in sections IHlandFT^Iwe defined moduli spaces C n (A) and SC n {A). Given a strictly 
graded commutative Frobenius algebra A we can define a map 

t : SC n (A) - C n (4) 

which is induced by the canonical inclusion of the Lie subalgebra of symplectic vector fields into 
the Lie algebra Der(LXT/*) of all vector fields. This map is well defined because the group of 
symplectomorphisms is a subgroup of the group Aut(LSy*) of all diffeomorphisms. This map 
is also defined for n = 00. 

Similarly if (m, uS) is a symplectic C n -structure on a free graded module V of finite rank then 
we can define a map 

l : S£ n (m) -> £„(to) 

which is again induced by the canonical inclusion of the Lie subalgebra of symplectic vector 
fields into Der(LSF*). 

The same applies to the moduli spaces A4 n (m;m') and SAd n {m;m') which we also intro- 
duced in sections IH1 and IT21 Given a symplectic form u> G D R^-^LTjV*) of order zero and two 
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symplectic C n -structures m and m! with the same underlying Frobenius algebra we can define 
a map 

i : SM. n {m; m!) — > M. n (m\ m!) 

which is induced by the canonical inclusion of the subgroup of symplectomorphisms into the 
group Aut(LSy*) of all diffeomorphisms. The fact that this map is well defined modulo the 
homotopy equivalence relations follows tautologically from the fact that the symplectic vector 
fields are a Lie subalgebra of the Lie algebra of all vector fields. Likewise this map is also defined 
for n = oo. 

Given a symplectic form u € DRf jic (L'EV*) of order zero, two symplectic C n -structures m 
and m! and a symplectic C n -morphism from m to m' we can also define a map 

i : SSM 

which is induced by the canonical inclusion of the Lie subalgebra of symplectic vector fields 
into Der(LSy*). Again it is tautological to check that this map is well defined modulo the 
homotopy equivalence relations. 

If A := (V, iri2,uj) is a strictly graded commutative Frobenius algebra then recall that there is a 
natural bigrading on cohomology which was defined in remarks 19.51 and 18. Ill The isomorphisms 
of lemmas 110.111 and 110.121 respect this bigrading. This gives us the following commutative 
diagram for all j G Z and all n > 1: 



(13.1) 



Ha 



n+lJ + M-2 



Harr 

T L ie 



OTTTIJ 

-"Harr 




(A,A)<- 



KirM,A) 



where $Lie is the isomorphism which is defined by equation (jlO.lj) . Tlic is the isomorphism 
which is defined by equation ()10.6|) and / is the map of Corollary 18.121 which comes from the 
periodicity exact sequence. The map ^ is defined as ^ := $^ie ° I- Any action of the group 

#Harr(^' ^) con ^ be pulled back along ^ to an action of the group #C£+ 1 r ' i+M - 2 (A). We will 
now need the following auxiliary lemmas in order to prove our main result: 

Lemma 13.3. Let A := (V, m2,w) be a strictly graded commutative Frobenius algebra: 
(i) For all n > 3 the following diagram commutes: 



C n (A)^^H^(A,A) 
SCn {A)^HC^ l+ ^{A) 



(ii) Let m € SC n {A) be an extendable symplectic C n - structure. The map 

t : S£ n (m) -> £ n (m) 

is -ffCg^'M (A)-equivariant. 

Proof. This is a tautological consequence of diagram ()13.1|) . □ 

Lemma 13.4. Let A := (V,m,2,uj) be a strictly graded commutative Frobenius algebra and let 
m and m! be two minimal symplectic C n +i- structures on V whose underlying Frobenius algebra 
is A: 
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(i) The following diagram commutes: 

SMn {fn;m')^HC^\A) 

(ii) Let 4> £ SM n (fh\fh') be an extendable symplectic C n -morphism. The map 

i : S£M n {4> : m, m) — > £Ai n (4> : m, m ) 
is -ffCnarr' 1 (A)-equivariant. 

Proof. Again this follows tautologically from diagram (|13.1|) . □ 
We are now ready to formulate our main result: 

Theorem 13.5. Let A := (V, m2,w) be a strictly graded unital commutative Frobenius algebra: 

(i) The map 

i : SC 00(A) -> Coo (A) 

is a bijection. 

(ii) Let m and m' 6e two minimal symplectic Coo -structures on V whose underlying Frobenius 
algebra is A. The map 

1 : SM^m; m') — > .M^m; w') 

is a surjection. 

Proof. Let us begin by proving that the map i : SC 00(A) — > Coo(^4) is surjective. Let 

m = m 2 + m 3 + . . . + m n + . . . 

be a minimal Coo-structure on V. We will inductively construct a sequence of symplectic vector 
fields m^, 3 < i < 00 and a sequence of vector fields 74, 2 < i < 00, where has order i and 
degree one and 7$ has order i and degree zero, such that 

(i) 

m := 7712 + m 3 + . . . + m' n + . . . 
is a minimal symplectic Coo-structure. 

(ii) 

<f> := . . . o exp(7„) o . . . o exp(7 3 ) o exp(7 2 ) 
is a Coo-morphism from m to m', 
Let us assume that we have constructed a sequence of symplectic vector fields 777,3, ■ ■ ■ > m n~i 
of degree one and a sequence of vector fields 72, • • • ,7n-2 of degree zero, where m[ and 7$ have 
order i, satisfying 

(i) 

m := 7772 + m' 3 + ... + 
is a minimal symplectic C n -structure. 

(ii) 

4> := exp(7„_ 2 ) o . . . o exp(7 2 ) 
is a minimal C ra -morphism from m := 7772 + . . . + 777 n _i to m'. 
Note that the base case 77 = 3 is trivial. The C n -structures 777 and 777' represent the same class 
in C n (A) , therefore by Lemma 113.31 and Theorem I9.1UI we see that 

^(Obs n (777 / )) = Obs n (i(777')) = Obs n (?77) = 

because the C n -structure 777 is extendable. Corollary 18.121 now implies that Obs n (m') = and 
therefore by Theorem 112.71 m' is an extendable symplectic C n -structure (recall from diagram 
(|13,1[) that was defined in terms of the map / of Corollary I8.12J) . 
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Consider the Coo-structure <j> o m o <f> 1 ; there exists a vector field m n (not necessarily sym- 
plectic) of order n and degree one such that 

<p om o cj)^ 1 = m! + m n mod (n + 1) 

and therefore m' + m n is a C n +i-structure on V. We also know from the above argument that 
there exists a symplectic vector field m' n of order n and degree one such that m' + m' n is a 
symplectic C n+ i-structure. Let us denote the corresponding class of m' n in S£ n {m!) by m' n and 
the corresponding class of m n in £ n (m') by m n . By Theorem 19.121 there exists a cohomology 
class £ n € flnarr(A^) such that 

t (" 7 -n) + £n = ™<n- 

By Corollary 18. 1 21 and Lemma ll3.3l there exists a cohomology class a G ^Ch^. (>1) such that 

i{rh' n + T(a)) = m n . 

We see that by modifying our choice of symplectic vector field m' n appropriately we can assume 
that there exists a vector field 7 n _i of order n — 1 and degree zero such that 

exp(7„_i) o (m + m n ) o exp(-7„_i) = m + m' n mod (n + 1). 

This completes the inductive step and proves that the map i : SCoo(A) — » Coo (^4) is surjective. 

The proof that the map i : <SA1oo(?ti; wi') — ^ Moo( m ', m ') is surjective proceeds in a similar 
fashion to the above proof. We shall outline the main ideas of the proof and leave the reader 
to provide the details: 

(i) Given a Coo-morphism (j) from m to m' the idea is to construct by induction a sequence 
of symplectic vector fields 7^, 2 < % < 00 of degree zero and a sequence of vector fields 

1 < i < 00 of degree —1, where 7- and 77, have order i, such that 

(a) 

(/)':=... o exp(7^) o . . . o exp(7g) o exp(72) 
is a symplectic Coo-morphism from m to m'. 

(b) 

(f> = 4> o [. . . o exp([m, rjn]) o . . . o exp([m, rj 2 ]) o exp([m, 771])] . 

(ii) At the nth stage use Lemma ll3.4l Corollary 18 . 1 21 and theorems 19. 191 and 112.141 to show 
that the obstruction to extending the given symplectic C n -morphism to the next level 
vanishes. 

(iii) Use Lemma ll3.41 Theorem I9.2UI and both parts (ii) and (iii) of Corollary 18. 121 to modify 
this extended symplectic C n+ i-morphism to one which is homotopy equivalent to 
modulo (n). 

Finally we show that the map 1 : <SCoo(^4) — ► Coo(A) is injective. Let m, m! G SCqo^A) be two 
symplectic Coo-structures and suppose that there exists a pointed Coo-morphism <f> from m to 
m' , then by part (ii) of this theorem there exists a symplectic pointed Coo-morphism <p' from m 
to m' which is homotopy equivalent to eft. □ 

Remark 13.6. A natural question is whether a result similar to Theorem 113.51 holds in the 
and Lqo contexts. The answer is no. The crucial point on which the proof of Theorem 1 1 3 . 51 turns 
is that the cyclic Harrison theory essentially coincides with the (noncyclic) Harrison theory, cf. 
Corollary 18.121 This fails badly for both the associative and Lie cases. For example, let g be a 
semisimple Lie algebra which could be considered as a symplectic Loo-algebra together with its 
Killing form. Then HQ E (g,g) = unless % = 0; however the cyclic theory H'(g,K.) is not zero 
in dimensions > 3. 

In the associative case a relevant counterexample is provided by the group ring of a finite 
nonabelian group G. Indeed, in this case LfCJ och (K[G]) is isomorphic to the direct sum of 
copies of HCfi och (¥L) = K[u] where the summation is over all conjugacy classes of G. On the 
other hand H l Uoch {K[G], K[G]) = for all i > 0. 
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Remark 13.7. There is a construction, cf. [3^ which associates to any minimal symplectic Coo- 
algebra a cycle in an appropriate version of the graph complex. Moreover, two weakly equivalent 
symplectic Coo-algebras give rise to homologous cycles. Therefore, our result shows that the 
corresponding graph homology class only depends on the underlying Coo-algebra together with 
the structure of a graded commutative Frobenius algebra on its underlying module. In par- 
ticular, a graph homology class could be associated to any Poincare duality space. It would 
be interesting to express this construction in classical homotopy theoretic terms, i.e. Massey 
products. 

14. Symplectic Aqo-algebras and string topology 

In this section we apply our results to establish the existence of certain structures on the 
ordinary and equivariant homology of the free loop space on a manifold or, more generally a 
formal Poincare duality space. These structures; namely the loop product, the loop bracket 
and the string bracket, were introduced and studied in 5. under the general heading 'string 
topology'. Since the original work of Sullivan and Chas a number of other papers appeared 
which investigated string topology structures from different perspectives. In particular, the 
approach of fHj and was purely homotopy theoretic while that of |5j was based on the 
theory of minimal models. 

In order to be able to directly apply Theorem 113.51 and to keep this paper within reasonable 
limits we will assume that our ground ring K is the field of rational numbers Q. However it 
seems likely that a more careful analysis should yield similar results in positive characteristic 
as well. The 'string topology' operations that we define resemble formally those of Sullivan and 
Chas and we expect that they in fact agree although this issue is not considered here. 

For a topological space X (always assumed to be a CVF-complex) we denote by C'{X) the 
singular cochain algebra of X with coefficients in Q. The homology and cohomology of X with 
coefficients in (Q> will be denoted by H 9 {X) and H*(X) respectively. The space of all maps 
S 1 — ► X from the circle S 1 to X will be denoted by LX. The space LX has an action of S* 1 
and the corresponding equivariant homology will be denoted by {LM): 

ilf 1 (LM) := H'iES 1 xgi LM). 

Theorem 14.1. Let M be a simply- connected Poincare duality space of formal dimension d. 
Then the graded vector space H.(M) := H, +( i(LM) has the structure of a graded Gerstenhaber 
algebra. Two homotopy equivalent Poincare duality spaces give rise to isomorphic Gerstenhaber 
algebras. 

Remark 14.2. The graded Gerstenhaber algebra structure on H 9+c i(LM) consists of two oper- 
ations: a graded commutative and associative product 

a®b^a»b: H p (LM) <g> H q (LM) -> H p+q _ d (LM) 

and the graded Lie bracket 

a ® b i-> {a, b} : H p (LM) ® H q (LM) -» H p+q _ d+1 (LM). 

Moreover, {a, ?} is a graded derivation of • for any a € H 9 (LM). The operations • and {, } are 
called the loop product and the loop bracket respectively. 

Proof. There exists a minimal Coo-algebra (H'(M),m) weakly equivalent to the cochain algebra 
C*(M). Moreover, by Theorem 1 13. 5 1 we could assume that the Poincare duality form extends to 
an invariant inner product of order d on (H*(M),m). To ease notation we will denote H*{M) 
by V. Then H^ och (V, ^0 wu * denote the Hochschild cohomology of (H'(M),m) with coefficients 
in itself and H^ ocii (V,V*) ^ ne Hochschild cohomology of (H*(M),m) with coefficients in V* . 

Then by Lemma flO.lll we have an isomorphism H^ och (V, V*) ~ ^Hoch(^> ^ * s wen known 
that the Hochschild cohomology of a differential graded algebra with coefficients in itself has 
the structure of a graded Gerstenhaber algebra; moreover two weakly equivalent DGAs give 
rise to isomorphic Gerstenhaber algebras, cf. [Hj. Since there exists a DGA weakly equivalent 
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to the ^loo-algebra V we conclude that H^ och (V, V) = H^^V, V*) supports the structure of a 
graded Gerstenhaber algebra. 

Since C*(M) is weakly equivalent to (V, m) = (H'(M),m) we have an isomorphism of graded 
vector spaces H^ och (C'(M),[C'(M)]*) - H' Hoch (V,V*). Therefore H^{C'{M),[C*{M)}*) 
has the structure of a graded Gerstenhaber algebra. 

Furthermore, the graded space H^ och (C 9 (M) , [C"(M)]*) is isomorphic to the K- vector dual 
to H^ och (C'(M),C m (M)) (Hochschild homology of C'(M)) and the latter is isomorphic to 
H'(LM) by @j, [201. Since the s P ace LM is of finite tYP e we have \H*(LM)]* H.(LM) and 
we conclude that 

H.(M) = H. +d (LM) - H' Ho i(C'(M), [C'(M)]*) 

has the structure of a graded Gerstenhaber algebra as claimed. 

Homotopy invariance is likewise clear since for two homotopy equivalent spaces M and N the 
cochain algebras C*(M) and C'(N) are weakly equivalent. □ 

Remark 14.3. Although two homotopy equivalent Poincare duality spaces M,M' give rise to 
isomorphic Gerstenhaber algebras on their string homology this structure is not natural in the 
sense that a map M — > M' does not lead to a map between the corresponding Gerstenhaber 
algebras. An analogous situation arises when one consider the monoid of self-maps Map(X, X) of 
a topological space X; the association X i— > Map(A, X) is not a functor even though homotopy 
equivalent spaces give rise to homotopy equivalent monoids of self-maps. The same remark 
applies to the string bracket considered below. 

The other part of the string topology operations is called the string bracket and is defined 
on the equivariant homology of LM: H, (LM) := LAI x s i ES 1 . To put the string bracket in 
the proper context we need to introduce negative cyclic cohomology of Aoo-algebras. 

Let (V, M) be an ^co-algebra, not necessarily unital. 

Definition 14.4. The negative cyclic complex CC°_(V) of (V,m) is the total complex of the 
following bicomplex formed by taking direct sums: 

(i4.i) • • • — c Bav (v) c- och (y, v*) -i=5. c^ r {v) . 

The cohomology of CC*_ (V) will be denoted by HC*_(V). 

Remark 14.5. Standard spectral sequence arguments show that two weakly equivalent ^co- 
algebras have isomorphic negative cyclic cohomology. 

Lemma 14.6. Let (V, m) be a unital A^-algebra for which there exists an integer N such that 
Hft och (V, V*) = for k > N . Then for any integer n we have 

HC n _{V)^HC^ h {V). 

Proof. Note that the even-numbered columns isomorphic to C Bslt (V) are acyclic since the ^co- 
algebra (V,m) is unital. This together with the assumption that H^ och (V,V*) = for suf- 
ficiently large k ensures that CC*_{V) is quasi-isomorphic to the subcomplex CC'_{V) whose 
columns are appropriate truncations of the columns of CC°_(V) and which has no nonzero terms 

above a certain horizontal line. 

Consider the auxiliary complex CC_(V) formed by the direct product totalisation of (|14.1|) 

Then the complex CC'_(V) can also be considered as a subcomplex of CC_(V). Note that for 
the complex CC*_(V) there is no difference between the direct product or direct sum totalisation 
and therefore both its spectral sequences converge. 

Comparing the appropriate spectral sequences for CC_(V) and CC_(V) we see, using the 
exactness of the rows, that these complexes are quasi-isomorphic and therefore they are both 
quasi-isomorphic to CC*_ (V). That shows that under our assumptions the direct product and 
direct sum totalisations of (|14.1|) have the same cohomology. 
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Next consider the following bicomplex CC_(V): 



— c Soch(^ v*) cg ar (y) -J^ ^ och (^, i/*) 



Its cohomology will be denoted by HC_(V). Similarly to the above, it makes no difference which 
totalisation (direct sum or direct product) to take. Now zig-zag arguments (or the appropriate 

spectral sequence) show, using the exactness of the rows, that HC_(V) is isomorphic to the 
complex formed by the image of the horizontal differential in the rightmost column. The latter 
complex is clearly isomorphic to CC^ ocll (V). Therefore HC_(V) = HC_(V). 
Finally, using the acyclicity of Cg ar (y) we see that the projection map 

CC'_(V) — ► tCC*_(V) 

is a quasi-isomorphism. This finishes the proof. □ 

Next we shall make a link between negative cyclic cohomology of an ^loo-algebra and a more 
customary notion of the negative cyclic homology of a differential graded algebra. This departure 
from our convention to work with cohomology rather than homology is necessary because the 
equivariant cohomology of a loop space is expressed in [25] in terms of cyclic homology rather 
than cyclic cohomology. 

Recall that for a DGA V its cyclic Tsygan complex is the following bicomplex CC~(V) lying 
in the right half-plane and formed by taking direct products: 

• • • Cf ai (V) -*^— C? och (V, V) C?™{V) • 

Here C^ och (V, V) is the usual homological Hochschild complex of V and C^ &r {V) is the bar- 
complex of V (acyclic in the unital case). The operators 1 — z and N are formed as in the 
cohomological cyclic complex. 

Then we have the following almost obvious result. 

Lemma 14.7. Let V be a (unital) differential graded algebra whose Hochschild homology H^ och (V, 
is finite dimensional in each degree. Then HC~(V) is isomorphic to the graded dual of the 
graded K-vector space HC_(V). 

Proof. Note that the finite dimensionality assumption ensures that the complex [C^ octl (V, V*)]* 
is quasi- isomorphic to C? och (V,V). Since the functor ?* := Hom]K(?,K) takes direct sums to 
direct products we conclude that [CC* (V)]* is quasi-isomorphic to CC~{V). □ 

Remark 14.8. Let V be a differential graded algebra such that H n (V) = for n < 0, H (V) = K, 
H l {V) = and H n (V) is finite dimensional for all n. For example, the cochain algebra C'(X) 
of a simply-connected space X of finite type satisfies these conditions. Then it is easy to see 
from the spectral sequence associated with the normalised Hochschild complex C Hoch (V, V*) 
that H^ och (V,V*) is finite dimensional in each degree. 

With these preparations we are ready to formulate our last result. 

Theorem 14.9. Let M be a rational Poincare duality space of formal dimension d. Then 
(LM) has the structure of a graded Lie algebra of degree 2 — d. If d ^ mod 4 then two 
homotopy equivalent spaces give rise to isomorphic graded Lie algebras. If d = mod 4 then 
the choice of the fundamental cycle in Hd{M) leads to two possibly nonisomorphic graded Lie 
algebra structures on H, (LM). 

Proof. We know from [2S] that H^ X (LM) = HCZ n {C'(M)) and using Lemma H177I together 

with Remark MM we conclude that H%\LM) ^ HCZ n (C'(M)). 

Furthermore, the differential graded algebra C'(M) clearly satisfies the conditions of Lemma 
ESI with N = since H^ och (C (M) , [C'{M)]*) ^ H—(LM) and H.(LM) is concentrated in 
nonnegative degrees. Therefore we have an isomorphism 

(14.2) H%\M) HCZ n {C'{M)) HC- n+l {C'{M)). 
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Similar to the proof of Theorem 114.11 let (V, m) be a minimal symplectic Aoo-algebra weakly 
equivalent to C'(M). Since by Lemma llU.121 the complex CC^ och (V) is isomorphic (with 
an appropriate shift) to the complex SC^ och (V,V) consisting of symplectic vector fields its 
homology supports the structure of a graded Lie algebra (the Gerstenhaber bracket). Since 
HC£ och (C*(M)) ^ HC£ och (V) we have the Lie bracket on HC£ och (C'(M)): 

HCZ och (C'(M))®HCk och (C'(M)) - HC^ d+ \C'{M)). 

The latter is translated into the string bracket via isomorphism (|14.2[) : 

H^(LM) ® Hl\LM) - H^ k _ d+2 (LM). 

Now let us consider the problem of homotopy invariance. For a given rational Poincare duality 
space N homotopy equivalent to M, the cohomology algebras H'(M) and H*(N) are isomorphic 
but the matrices of inner products on them differ by a nonzero rational number coming from 
the choice of the fundamental class. If d ^ mod 4 then we see, using appropriate rescalings 
that H'(M) and H'(N) are isomorphic as Frobenius algebras, after all. It follows that in this 
case the graded Lie algebra structures on (LM) and (LN) are isomorphic. If d = 
mod 4 then the signatures of M and N might differ by a sign depending on whether the given 
homotopy equivalence M — > N preserves orientation or changes it. So we have precisely two 
nonisomorphic structures of a symplectic Aoo-algebra on H'(M) depending on the choice of 
orientation. This leads to two possibly nonisomorphic graded Lie algebras on (LAI). □ 

Remark 14.10. Clearly, the loop bracket and the loop product as defined above are nontrivial 
as a quick calculation of the Hochschild cohomology of H'(S n ) makes clear. Since the cyclic 
Hochschild cohomology of a truncated polynomial algebra is concentrated in even dimensions, 
we conclude that for spaces such as S n and CP n the string bracket is zero. This is in agreement 
with the calculations made in . To obtain an example of a nontrivial string bracket consider 
the space X := S 3 x S 3 and let A := H*(X). Then the Lie algebra consisting of symplectic 
vector fields of degree is identified with the Lie algebra of the group of automorphisms of 
H 3 (X) preserving the Poincare duality form. In other words this is the algebra of traceless 2x2 
matrices and it clearly has nontrivial commutators, therefore the string bracket is nontrivial in 
Ht(X). 

Appendix A. Formal K-algebras 

We felt it necessary to include a section dealing with our formal passage to the dual language 
of formal US-algebras that we use in our paper since it is difficult to find any references for the 
material in the literature. 

We will denote the category of free graded K-modules by Mod^. In what follows we shall 
omit the adjective 'graded' when talking about graded IfC-algebras and graded K-modules since 
the ungraded ones are not considered. 

Definition A.l. A profinite US-module V is a IK-module which is an inverse limit of a diagram 
of free K- modules of finite rank; V = lim ^ V a . A fundamental system of neighbourhoods of 
zero of V is generated by the kernels of the projections V — > V a . The induced topology is 
known as the inverse limit topology. Profinite K-modules form a category VMod^ in which the 
morphisms are continuous K-linear maps between K-modules. 

Remark A. 2. A profinite K-module can also be defined as a topologically free K-module, i.e. 
a module M for which there exist a collection of elements {ti}i^j C M (topological basis) 
such that any element could be uniquely represented as a (possibly uncountably infinite) linear 
combination of the Vs. 

Remark A. 3. When we talk about a submodule of a profinite module generated by a set X we 
mean the module generated by all convergent infinite linear combinations of elements in the set 
X. Note also that a submodule as well as a quotient of a profinite K- module need not be a 
profinite IK-module in general. However in all cases that we encounter the K-modules and their 
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submodules are obtained from profinite Q-vector spaces by extending the scalars to K and so 
this complication never arises. 

We would like to define the appropriate notion of tensor product in the category VMod^. 
This is given by the following definition: 

Definition A. 4. Let V = hm ^ V a and U = lim ^ Up be profinite EC-modules, then their com- 
pleted tensor product V®U is given by the formula, 

V<g>U := ]imV a <g> Vp. 

a,/3 

Remark A. 5. The completed tensor product could also be introduced as the universal object 
solving the problem of factorising continuous bilinear forms. Given two continuous linear maps 
between profinite modules <f> : V — > W and ip : U —* X we could form the continuous linear map 
(j)<g>ip : V®U — > W®X in an obvious way. With this definition the category VMod^ becomes 
a symmetric monoidal category. If we endow VMod^ with the direct product II then it also 
becomes an additive category. 

Note that the construction of V®U is not canonical as it depends on a preferred system V a , 
Up or rather a preferred choice of topological basis. Obviously different choices will produce 
continuously linearly isomorphic profinite modules. 

Proposition A. 6. The functor F : Mod^ — ► VMod^ given by sending V to its linear dual 
F(V) := Hohik(V,EC) establishes an anti- equivalence of additive symmetric monoidal cate- 
gories whose inverse functor G is given by sending U to the continuous linear dual G(U) := 
Hom cont (t/,EC). 

□ 

Remark A. 7. Since a free EC-module is a direct limit (union) of its finite rank free submodules, 
it is easy to see that the anti-equivalence of proposition IA.6I identifies the tensor product in 
ModK with the completed tensor product in VMod^- 

We shall now discuss the notions of formal associative, commutative and Lie algebras. To 
treat them uniformly we consider nonunital associative and commutative EC-algebras. When we 
say 'EC-algebra', that will simply mean that the corresponding statement could be applied to 
either commutative, associative or Lie algebras. 

Definition A. 8. Let A be a EC-algebra whose underlying IC-module is free of finite rank. For 
technical convenience we assume that A is obtained from Q (or any subfield of K) by the ex- 
tension of scalars. We say that A is nilpotent if there exists a positive integer N for which the 
product (or bracket in the Lie case) of any N elements in A is zero. An inverse limit of nilpotent 
IC-algebras is called a formal EC-algebra. A morphism between two formal IK-algebras is simply 
a continuous homomorphism of corresponding structures. The categories of formal associative, 
commutative and Lie algebras IC-algebras will be denoted by J r AssAlg,J-'comAlg,J r ueAlg re- 
spectively. The notation TAlg will be used to denote either of the three categories. A formal 
EC-algebra supplied with a continuous differential will be called a formal differential graded 
EC-algebra. 

Remark A. 9. Every nonunital IC-algebra (commutative or associative) gives rise to a unital one 
obtained by the well known procedure of adjoining a unit. We will call a formal associative or 
commutative algebra with an adjoined unit a formal augmented ¥L-algebra. In the main text by 
a 'formal commutative or associative algebra' we will always mean a 'formal commutative or 
associative augmented EC-algebra'. 

An important example of a formal IC-algebra is the so-called pro-free EC-algebra. To start, we 
define the free associative EC-algebra on a free EC-module V as TV + := V® 1 . Similarly the 

free commutative algebra on V is defined as SV+ := ©^i(^® J )5 l - Here we used the subscript 
+ to avoid confusion with the unital free associative algebra TV := an< ^ similarly in 
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the commutative case. The free Lie algebra on V could be defined as the submodule in T + (V) 
spanned by all Lie monomials in V. 

Definition A. 10. Let V be a free US-module of finite rank. Then the pro-free (associative, 
commutative or Lie) US-algebra on V is the US-algebra formed by formal power series (associa- 
tive, commutative or Lie) in elements of V. It will be denoted by T + (V), S + (V), L(V) in the 
associative, commutative and Lie cases respectively. 

If V = lim V a is a profinite US-module then we define T + (V) as lim T + (V) and similarly in 

the commutative and Lie cases. We will denote by T(V) and S(V) the unital versions of T + (V), 
and S+(V) respectively. 

Clearly pro- free JS-algebras are formal JS-algebras. Furthermore we have the following result 
whose proof is a simple check. 

Proposition A. 11. The functor V i— > F(V) from VMocIk to TAlg is left adjoint to the forgetful 
functor. 

□ 

Remark A. 12. The category of formal JS-algebras is equivalent to the category of cocomplete 
JS-coalgebras, i.e. JS-coalgebras C for which the kernels of iterated coproducts A™ : C — > C® n 
form an exhaustive filtration. The functor from cocomplete IC-coalgebras to formal JS-algebras is 
simply taking the JS-linear dual, and the inverse functor is taking the continuous dual. Because 
of this equivalence the theory of oo-algebras is often formulated in terms of coalgebras and 
coderivations. 

We will often consider vector fields (=continuous derivations) and diffeomorphisms ^con- 
tinuous invertible homomorphisms) of formal JS-algebras. The following proposition is straight- 
forward: 

Proposition A. 13. Let T(V) (S(V), L(V)) be a pro-free associative (commutative or Lie) 
algebra on a profinite ¥L-module V. Then any vector field or diffeomorphism of T(V) (S(V), 
LiV)) is uniquely determined by its restriction on V . In particular, any vector field £ has the 
form 

where t := {tj}j e / is a topological basis of V and fi(t) is a formal power series (associative, 
commutative or Lie) in the U 's. 

□ 

We will now define the formal universal enveloping algebra of a formal Lie algebra Q. 
Definition A. 14. 

(1) First let Q be a nilpotent Lie K-algebra whose underlying K-module is free of finite rank. 
Denote by 1AQ its usual universal enveloping algebra and by 1(G) the augmentation ideal 
mUG. Then UQ := lim^ /(£)//"(£). 

(2) Now let Q = lim Qi be a formal Lie K-algebra. Here {Q{\i^i is an inverse system of 
nilpotent Lie K-algebras. Then IAQ := lim UQj. 

Remark A. 15. Note that UQ is a formal associative algebra, in particular it is nonunital. We 
will denote by IAQ the unital K-algebra obtained from UQ by adjoining a unit. 

Just like the usual universal enveloping algebra the formal one is characterised by a certain 
universal property. Namely, associated with any formal associative algebra A is a formal Lie 
algebra 1( A) whose underlying K- module coincides with that of A and the Lie bracket is defined 
as 

[a,b]:=ab-(-l)\ a W%a; a,b e A. 
Thus, we have a functor I from formal associative K-algebras to formal Lie US-algebras. Then 
we have the following result. 
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Proposition A. 16. The functor U : ThieAlg — > T Ass Alg is left adjoint to the functor I : 
^AssAlg -> J^LieAlg. 

Proof. We need to show that there is a canonical isomorphism 

F Ass Alg(Ug,A) * T Lie Alg{g, 1(A)). 

First assume that Q and A are finite rank K-modules. Choose a positive integer N for which 
A N = 0. Then we have the following isomorphisms: 

F Ass Alg(Ug,A) F Ass Alg(Ug/(Ug) N ,A), 
(A.l) ^Rom K _ alg (I(g),A), 

— ^LieAlg(g, 1(A)). 

Now let g = hm Q £/a, A = lim Ap where g a , Ap are nilpotent Lie K-algebras and nilpotent 
associative K-algebras respectively. We obtain using (|A.1|) : 

T Ass Alg(Ug,A) limlim ^ Ass Alg(Ug a , Ap), 

a fj 

limlim F Lie Alg(g a ,l(A p )), 

a p 

— ^LieAlg(g, 1(A)). 

□ 

Example A. 17. Let g := LV, the pro-free Lie algebra on a profinite K-module V. Then 
Ug = TV, the pro-free associative K-algebra on V. 

Remark A. 18. The above example is especially important for us. It is well known that for 
V £ Mod^ the algebra T(V) is in fact a Hopf algebra. The cocommutative coproduct A : 
T(V) — > T(V) <g> T(V) (sometimes called the shuffle coproduct) is defined uniquely by the 
requirement A be a K-algebra homomorphism and that A(v) =v<S)l + l<g)V for all v G V. 
Then L(V) is naturally identified with the Lie subalgebra of primitive elements in T(V). 

These facts have formal analogues: let V now be a profinite K-module. Then T(V) has 
the structure of a (formal) Hopf algebra with the coproduct A : T(V) — ► T(V)®T(V) which 
is uniquely specified by the requirement that A be a continuous homomorphism of formal EC- 
algebras and that A(v) = v<S)l + l&iv for all v £ V. Then the Lie algebra L(V) is naturally 
identified with the Lie subalgebra of primitive elements in T(V). 

Next, we need to define the notion of a formal module over a formal algebra. 

Definition A. 19. 

(1) Let A be a formal K-algebra (commutative or associative) and V be a profinite K- 
module. Then V is said to be a left formal A-module if there is a map of IEC-modules 
A®V — > V; a<£>v i— » av such that the usual associativity axiom holds: (ab)v = a(bv) 
for all a,b £ A,v £ V . Similarly, V is a right formal ^-module if there is a map of 
K-modules V(&A — > V; v®a i— > av such that v(ab) = (va)b for all a,b £ A,v £ V. 
Finally, V is a formal A-bimodule if it is both a right and left formal A-module and if 
(av)b = a(vb) for a, b £ A, v £ V. 

(2) Let g be a formal Lie K-algebra and V be a profinite IK-module. Then V is said to 
be a formal g-module if there is a map of US-modules g<S>V — ► V; <?<Sw i— > gt> such that 

Note that Prop osition I A . 1 6l implies that the structure of a formal (/-module on V is equivalent 
to the structure of a formal ^(/-module on V . 
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